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More than twenty years of author’s research on reinforced concrete members 
strengthened with FRP materials ensured to write this book as a summary of the 
own experiences and development of modelling of concrete structures strength-
ened in flexure with adhesively bonded (AB) fibre reinforced polymer (FRP) 
materials. 
The purpose of this book is to provide structural and mechanical engineers 
with simplified and advanced model for flexural strengthening of reinforced 
concrete members with externally bonded (called in the last nomenclature EB) 
FRP reinforcement. The review of existing bond models is to explain phenome-
non of bond losing between FRP and concrete. The detailed analysis of variable 
parameters shows complexity this problem.  
The latest bond research proved a big effect of nonaxial action on the FRP re-
inforcement, which is observed in the full scale RC FRP strengthened members. 
The new knowledge on behaviour induced necessity of revision existing design 
approaches to the new generation of guidelines based on more accurate design 
approaches. 
It should be noted that this book does not specify details of the safety concept 
based on the accurate factors for EB FRP strengthened RC members. The scien-
tific research summarized in this book based only on non-anchored externally 
applied pre-cured FRP laminates or cured in-situ FRP sheets. The near surface 
mounted (NSM) FRP technique is not the object of this book. 
The main author’s aim is to emphasize the uploaded design rules based on 
the simplified and more accurate design approaches. The idea to introduce more 
advanced approaches in comparison to the simplified ones is to change existing 
conservative approaches for more economically efficient design. 
It should be emphasized that he book focuses only on the flexure, while the 
shear capacity, which is evidently connected with bending is not considered in 
this book. Obviously the RC members flexurally strengthened needs always 
shear analysis as well. 
This book steers for the scientific approaches and it shows tendency of 
changes in designing FRP strengthened RC members than practical guidelines 
referring to the ultimate and serviceability limit states. The long term effects in 
flexural strengthening are not considered here. 
This book consisting of night chapters collecting the published results of a 
mount of researches and experts in applications of the FRP materials for flexural 
strengthening of RC structures.  
Chapter 1 provides a review of the FRP materials with a special focus on 
their anisotropic structure, strength characteristics and exiting FRP strengthening 
systems. Chapter 2 gives a state of art in the published research of the flexurally 
strengthened RC members with an accurate analysis of the failure mechanisms. 
Chapter 3 delves into details of the FRP-to-concrete bond mechanisms based on 
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variable bond tests with the special focus on the effective bond strain and the 
bond length based on many published theoretical models. Chapter 4 describes 
bond behaviour on the simple empirical models, shear bond slip models and 
advanced meso-scale finite element models. Chapter 5 gives the most practical 
summary of design guidelines and code formulations with a special distinction 
on the fib Bulletins (the old and new version) and both Italian guidelines CNR-
DT 200 versions (2004 and 2013). A review of the Swiss guide SIA166 (2004) 
was presented due to strong support of PhD thesis by Czaderski, 2012. Chapter 6 
presents two advanced design models published in DafStB (2014) and Oehlers et 
al. (2015). One of the accurate method proposed in DafStB (2014) considers 
bond strength transmission at the segment of RC members between cracks. The 
phenomenon of this method based on effects of curvature, crack pattern and 
segmental behaviour of the strengthened RC element. Another much more com-
plex model proposed by Oehlers at al., 2015 based on fundamental mechanics. 
The novelty of this method based on the mechanics of displacements in the 
three-dimensional partial-interaction moment-rotation model, however due to 
complexity of this model is not applicable for practical design. This book fo-
cuses on new generation guidelines, which can be recommended for practical 
applications. Chapter 7 presents the author’s analytical model for RC members 
strengthened in flexure with EB FRP materials with the parametric analysis of 
the steel and FRP reinforcement ratio on the IC debonding failure. It confirms 
the important effect of the RC member stiffness on the strengthening efficiency. 
This analysis could be useful for practical applications. Chapter 8 presents two 
finite element models and comparison with the own author’s experimental tests. 
The first one based on collaboration with Prof. K. Neale, U. Ebead and dr. H. A. 
Baky from Sherbrooke University. The second one is the result of collaboration 
with dr. Serega from Krakow University of Technology, who proposed ad-
vanced model for analysis of author’s experimental test results. Chapter 9 gives 
the summary and main conclusions. 
This book provides a concise review of existing research on the behaviour 
and strength of FRP-strengthened RC structures, with a strong focus on the stud-
ies which based on development of new strength models and advanced design 
models. It grew out by a lot of published research of many researches all over 
the word mainly from the EMPA, the Hong Kong Polytechnic, the University 
Adelaide, the University of Naples Federico II, University of Bologna, Univer-
sity of Padua, University of Sannio and others. 
The author would like to thank personally many professors and researches, 
who supported this book by their valuable comments and discussions during 
scientific meetings, conferences and working committees. The special thanks are 
indebted to professors, doctors and researches: U. Meier, J.G. Teng, J.F. Chen, 
D. Oehlers, T. Triantafillou,  K. Zilch, R. Niedermeier, W. Finckh, K. Neale, T. 
Ueda, R. Al-Mahaidi, R. Seracino, L. Bank, Z. Wu, A. Nanni, J. Dai, B. Täl-
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jsten, S. Smith, X.Z. Lu, C. Modena, C. Pellegrino, Ch. Czaderski, F. Ceroni, C. 
Carloni, C. Faella, , A. Bilotta, C. Mazzotti, A. Prota, I. Iovinella and compa-
nies: Sika, S&P, Mapei, Megachemie and Tyfo. Special thanks the author sends 
to dr. Serega for his outstanding contribution in modeling analysis. 
Remarkable acknowledgements the author would like to send to the fib 
Committee Task Group 5.1 members (mainly to prof. S. Matthys, who accepted 
to use the new version of fib Bulletin 90, 2019, which is still under publishing 
process). Moreover the author renders acknowledgements to the RILEM Tech-
nical Committee for their support and acceptance for using RILEM Report 234-
DUC in this book. 
Last but not least thanks are expressed to dr. M. Kaszubska and J. Filipczak, 
who put a big effort to edit this book, moreover Phd students and laboratory 
technicians for their strong support in high quality research. 
Finally, the author addresses unlimited thanks to the Reviewers of this book: 
Prof. J. Walraven and Prof. W. Radomski for their valuable comments. 
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eA  – area of concrete in tension 
FEA  – area of an individual finite element 
pA  – axial tensile force 
sA ,  – cross section area of tensile steel reinforcement 1sA
svA  – cross sectional area of steel stirrups 
B  – shear span 
pmaxB  ,  – maximum bond force ICB
modB  – modified shear span 
C  – coefficient of cohesion 
aE  – modulus of elasticity of adhesive layer 
cE ,  – elasticity modulus of concrete cmE
fE ,  – elasticity modulus of FRP frpE
mE  – elasticity modulus of matrix 
sE  – elasticity modulus of steel 
xE  – modulus of elasticity of a ply loaded at an angle   to fibre direc-
tion 
1E ,  – elasticity modulus of composite laminate parallel and perpendicular 
to fibres 
2E
nE , tE  – secant elastic modulus in normal, tangent directions to first crack 
bLRdF  – bond resistance at idealized end anchorage body 
bsmF  – bond force per length 
crF  – force in FRP laminate at last crack 
cdF  – concrete compressive force 
fbF  – tensile force in FRP debonding 
fuF  – ultimate tensile strength of laminate 
lRF  – anchorage resistance of strip 
red,IRF  – reduced anchorage resistance 
LdF  – tensile force in CFRP reinforcement 
LEdF  – acting FRP force without redistribution 
pF  – prestressing force 
dsF 1 ,  – force in tensile, compressive reinforcement dsF 2
exp,uF  – ultimate failure load 
0,uF  – ultimate load of non–strengthened member 
9 
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 buF   – contact pressure 
G  – shear modulus 
aG  – shear modulus of adhesive layer 
fG , ,  – fracture energy FkG ftG
12G  – in-plane shear modulus of laminate 
AI  – second moment of area of tooth 
cI  – second moment of area of beam 
frpI ,  – second moment of area of cracked strengthened section trans-
formed to concrete with FRP laminate and an equivalent steel 
laminate 
sI
c,trcI  – cracked second moment of area of FRP laminate section trans-
formed to concrete 
frp,trcI  – second moment of area of cracked plated section transformed into 
FRP 
c,truI  – uncracked second moment of area of plated section transformed to 
concrete 
sK ,  – shear stiffness, normal stiffness nK
tK  – stiffness in tangential direction 
teK  – initial stiffness 
bL  – anchoring length 
dbL  – unbonded FRP distance 
maxbL  – maximum anchoring length 
L  – bond length 
pdbL   – extension of debonded region 
defL  – lengths of segment  
wdgL  – length of wedge 
eL , ,  – effective FRP bond length pL fL
AM  – moment at base of tooth 
crM  – cracking moment 
end,dbM  – bending moment in RC beam at plate end at its debonding 
f,dbM  – flexural debonding moment 
EdM  – acting moment 
RdM  – load bearing capacity  
0uM ,  – ultimate bending moment of non–strengthened and strengthened 
specimen 
uM
0M  – preloading bending moment 
10 
Symbols 
fN , ,  – force in FRP reinforcement pN pP
AyV  – debonding force 
cV ,  – concrete and shear steel reinforcement contribution to shear 
capacity of RC memeber 
sV
end,dbV ,  – critical shear force in RC beam at plate end at its debonding s,dbV
0,cW  – section modulus of uncracked concrete cross section 
ccP  – concrete compressive force 
ctP  – tensile force in concrete 
ICP  – maximum force in FRP reinforcement 
pcP  – FRP prestressing force 
ppP  – passive prestress 
rcP ,  – tensile and compressive force in steel reinforcement rtP
IP  – ultimate normal force per unit width of FRP strip at onset of bond 
zone 
IIP  – bond strength under pure mode II loading 
frpS ,  – first moment of area of FRP and steel laminate about neutral axis of 
cracked strengthened section transformed to concrete 
sS
prS  – primary crack spacing 
gT  – glass transition temperature 
fW , ,  – weight mass of fibre, matrix and FRP composites mW cW
a  – distance from support to nearer end of FRP laminate 
Aa ,  – midspan displacement for active and passive strengthened beam at 
ultimate load 
Pa
1a ,  – material constants determined empirically 2a
ab  – width of adhesive layer 
cb  – width of strengthened RC element 
fb , ,  – width of external FRP reinforcement Fb frpb
Lwb  – width of transversal shear strap 
fc  – constant determined in linear regression analysis 
1c ,  – empirical factors 2c
'd ,  – effective depth of steel tensile reinforcement  h
frpd  – distance from compressive face of RC beam to centroid of FRP 
plate 
NAd  – depth of neutral axis  
bsmf  – mean bond stress of reinforcing steel 
11 
Renata Kotynia 
cf , ,  – characteristic compressive concrete strength 
'
cf ckf
cube,cf cuf  – compressive strength of concrete on cubic specimens 
cmf  – mean compressive strength of concrete 
ctf  – cylinder concrete splitting tensile strength 
ctmf  – medium tensile concrete strength 
surfx,ctmf  – near-surface tensile strength 
ff ,  – tensile strength of FRP reinforcement  fuf
fbf  – maximum tensile stress 
fbdf  – design debonding strength 
IC,fbdf  – lower fractile (5%) value of bond strength 
IC,fbdf  – design value of FRP bond strength corresponding to intermediate 
crack debonding 
fbmf  – 5% debonding strength 
IC,fbmf  – mean value of bond strength 
fbkf  – characteristic debonding strength 
fdf  – design tensile strength of FRP 
fddf  – maximum stress that can be carried by composite preventing end 
plate debonding failure 
mf  – tensile strength of matrix 
yvf ,  – steel yielding stress of steel stirrups yf
suf  – ultimate tensile strength of steel 
tf  – concrete tensile strength 
tg  – post critical slope of function  
h  – beam’s depth  
1h  – effective depth of cross section 
Ai  – micro-average inclination angle 
ak  – concrete coefficient 
ck  – factor accounting for concrete compaction 
mk  – numerical coefficient 
fk  – shape factor 
fk  – geometrical factor related to width of bonded plate 
fk  – width coefficient defined 
Gk  – fracture energy coefficient 
rk  – roughness coefficient 
12 
Symbols 
vk  – empirical coefficient limiting ultimate strain in FRP reinforcement 
l  – crack spacing 
bl  – bond length 
bal  – active bond length at FRP end 
max,bLl  – effective bond length 
lim,bLl  – effective bond length 
0,el  – transfer length of reinforcing steel 
sel  – distance between end of strip and support 
0l  – axial span length 
n  – coefficient governing softening branch 
i,sn  – number of steel bars with diameter i,s  
q  – uniformly distributed load  
s  – stirrup spacing 
s  – slip 
s  – slip at peak 
fs  – slip corresponding to complete separation of interface 
max,fs  – maximum slip 
Lrs  – slip of strip 
maxs  – maximum slip 
rs  – distance between cracks 
us ,  – ultimate slip between FRP and concrete support 0s
at  – thickness of adhesive layer 
ct  – thickness of concrete member 
ft ,  – thickness of FRP reinforcement frpt
mt  – time of stress increase 
maxt  – maximum traction 
nt , ,  – normal traction, tangential traction, residual traction tt p,rest
u  – average bond strength of steel to concrete 
nu  – relative normal displacement 
tu  – relative displacement in tangential direction (concrete–laminate 
slip) 
0tu  – slip associated with  maxt
f  – volume fraction of fibre 
m  – volume fraction of matrix 
w  – crack width 
fw  – weight or mass fraction of fibre 
13 
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mw  – weight or mass fraction of matrix 
x  – distance along FRP laminate from its end 




max,f  – additional strain in strip due to external loads 
f  – stress variation in FRP between two adjacent cracks 
R  – maximum tensile stress increase transferred by bond stresses along 
crack spacing 
crF  – force increase in FRP reinforcement due to loading 
fEdF  – change of tensile force in FRP reinforcement 
LF  – total change force in FRP reinforcement  
1,LF  – increase in bond force due to shear wrapping 
Bf,FLkF  – bond component from additional bond frictional  
BL,FLkF  – bond component from bilinear bond stress–slip relationship 
KF,FLkF  – bond component from curvature effect by bearable CFRP-strip 
stress 
LEdF  – change in FRP force in segment between cracks 
LRdF  – change in FRP force that can be accommodated by bond 
 barsQ  – total perimeter of tensile reinforcing bars 
s  – diameter of steel reinforcement 
  – reduction factor to account for influence of inclined cracks on bond 
strength 
  – material constant that describes post critical slope of function  tg
cc ,  – coefficients of long-term durability of concrete ct
th  – normal expansion coefficient 
  – shear retention factor 
a  – coefficient factor of loading angle effect 
w  – width ratio parameter 
BA , f , ,  – safety coefficients c bd
  – interface slip along sliding plane 
max  – maximum slip  
p  – FRP laminate slip at crack face 
c , ,  – compressive concrete strain 1cr
'
cp
cp  – concrete strain in tension 
14 
Symbols 
cu  – ultimate concrete strain 
0c  – concrete strain at bottom cross section  
'
c0  – concrete strain at top cross section 
 tcs  – mean shrinkage strain evolution in time  due to cement hydration 
and concrete drying 
t
b,f  – bond strain 
fd ,  – maximum axial strain of FRP corresponding to intermediate crack 
debonding 
IC
fdb  – debonding FRP strain 
max,f , fu  – maximum / ultimate strain in FRP reinforcement 
fp , ,  – strain in CFRP strip L 1Lr
p,f , 0,L   – pretensioning strain in FRP reinforcement pt
test,f  – maximal CFRP strain registered in test 
num  – numerical strains in CFRP at ultimate load 
su  – ultimate strain in steel 
1s , ,  – strain in tensile and compressive steel reinforcement 10s 20s
t  – tensile strain perpendicular to crack 
0  – mid – plane strains 
A  – strengthening efficiency of prestressed specimens 
P  – strengthening efficiency for non–prestressed specimen 
f  – strengthening efficiency 
f  – strain utilization of FRP reinforcement 
f  – strain efficiency 
  – angle between tensile force and fibre direction 
  – curvature 
bsk  – bond factor 
1vb ,  – bond coefficients  2vb
s ,  – longitudinal steel and FRP reinforcement ratio  f
c , ,  – weight density of composites, fibres, matrix f m
12  – principal Poisson's ratio of laminate 
A  – stress at interface between concrete and steel plate 
f  – axial FRP stresses between two adjacent flexural cracks 
fd  – stress in FRP at ultimate limit state 
maxf  – maximum stress 
15 
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p,f  – prestressing stress in FRP reinforcement 
fp  – uniform load applied to ends of FRP laminate 
m  – tensile strength of matrix 
min,s  – minimum normal stress in soffit plate 
u  – ultimate uniaxial compressive stress 
x  – longitudinal stress  
y  – transverse normal stress (peeling) 
z  – normal stress 
  – bond shear stress 
  – maximum shear stress 
1b  – bond strength 
max,gl,f ,  – maximum global bond shear stress lim,f
max  – maximum shear stress 
min  – minimum shear stress 









The fibre-reinforced polymer (FRP) composites have been used for strength-
ening reinforced concrete (RC) members as an alternative to steel plates bonded 
to the bottom surface of structures since 1984. The first experimental tests car-
ried out on flexurally strengthened RC beams were carried out at the Swiss Fed-
eral Laboratory for Materials Testing and Research (EMPA) (Meier et al., 1993). 
There have been many published studies on structural strengthening using ex-
ternally bonded (EBR) FRP composites (Hollaway and Leeming, 1999; Teng et 
al., 2002; Arduini and Nanni, 1996; Bank, 2006; Wu and Eamon, 2017; Deuring, 
1993; El-Hacha, 2000; Garden et al., 1998; Kaiser, 1989; Katsumata et al., 2001; 
Labossière et al., 1997; Meier, 1992; Meier, 1995a, 1995b; Meier, 1997; Meier 
et al., 1993; Nanni, 1993; Nanni, 1995; Nanni et al., 2004; Seracino et al., 2007; 
Täljsten, 1994). More than three decades of experience developed this technique 
in the field applications. 
However, the design guidelines are still based on experimental simplified ap-
proaches, which gives rather conservative and uneconomical results. It seems 
that it is time to change the current design approaches for a new generation of 
models considering curvature changes along RC members dependent on the 
cracking pattern and preloading effect. The aim of this book is to review the 
existing bond models and to point out the needs in designing flexurally strength-
ened RC members. 
 
1.2. FRP materials 
 
A non-homogeneous structure of composite material is composed of at least 
two components: one is a polymer matrix, constituting a binder that guarantees 
cohesion, hardness, elasticity and resistance to compression, and the fibres 
which perform structural role due to their good mechanical and strength proper-
ties in tension. The properties of this complex composite structure are neither a 
sum nor an average of the properties of the composite components, but closely 
depend on the volume of each component in the final composite material and the 
orientation of fibres (unidirectional, two/or three way structure).  
The main function of the matrix is to protect the fibres against abrasion or 
environmental corrosion, to bind the fibres together and to distribute the uniform 
load. The matrix is an anisotropic material, which has a strong influence on sev-
eral mechanical properties of the composite, such as the transverse modulus and 
strength, the shear properties and the properties in compression. The most com-
mon binder matrix in the composite material is the thermosetting polymer the 
Renata Kotynia 
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second one is the thermoplastic polymer matrix. Alternatively, the cement mor-
tars can be used. More physical and chemical characteristics of the matrix are 
presented in fib Bulletin 90, 2019; CNR-DT 200/2004, 2004; Teng et al., 2002; 
Wu and Eamon, 2017. 
The purpose of the adhesive is to provide a shear load path between the con-
crete surface and the composite material, so that full composite action may de-
velop. The science of adhesion is a multidisciplinary, demanding a consideration 
of concepts from such topics as surface chemistry, polymer chemistry, rheology, 
stress analysis and fracture mechanics (fib Bulletin 90, 2019). 
The most common type of structural adhesive is epoxy, which is the result of 
mixing an epoxy resin (polymer) with a hardener. Other types of adhesives 
based on inorganic materials (mainly cement-based) will be discussed later. 
Depending on the application demands, the adhesive may contain fillers, soften-
ing inclusions, toughening additives and others. The successful application of an 
adhesive system requires the proper preparation (CNR-DT200/2004; fib Bulletin 
90, 2019) of an adequate specification, which must include such provisions as 
adherent materials, mixing application temperature, curing temperature, surface 




Commercially distributed FRP fibres are made of thin continuous filaments 
produced in variable shapes (CNR-DT 200/ 2004): 
– monofilaments (with a diameter of 10 μm); 
– tows made as untwisted bundle of continuous filaments; 
– yarns consisting of twisted filaments and fibres formed as a continuous fibres 
used for production of weaving textile materials; 
– rovings made in a form of a number of yarns or tows joined into parallel 
bundles with little or no twist. 
Four types of fibres are commonly used in structural strengthening, namely 
carbon, glass, aramid and basalt fibres. The new steel fibres have been recently 
introduced to the civil engineering market but due to their higher weight and low 
corrosion resistance they have not been attractive. Natural fibres with their dura-
bility problems are still not recommended for practical applications. However, 
they are still research attractive. The physical and mechanical properties of vari-
able fibres are very different, which is shown in Table 1.1. (fib Bulletin 90, 
2019). 
The carbon fibres exhibit the highest values of elasticity modulus when com-
pared with other types of fibres, which makes this material more effective from a 





The characteristics of FRP materials can be defined according to the follow-
ing features: 
– geometry described by a shape and dimensions of FRP material 
– fibre orientation 
– fibre concentration defined by the volume fraction and fibre distribution 
(CNR-DT 200/2004, 2004). 
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Carbon fibres have the highest elasticity modulus and the highest tensile 
strength when compared with other types of fibres. They exhibit brittle failure 
with quite low energy absorption. Carbon fibres indicate high creep resistance to 
the long-term tensile loads and fatigue loads. 
Production of carbon fibres based on pitch fibres (produced by using refined 
petroleum or coal pitch which is passed through a thin nozzle and stabilised by 
heating) or PAN fibres (made of polyacrylonitrile that is carbonised by different 
heat treatments). A diameter of pitch-type and PAN fibres is approximately 9-18 




There are three types of glass fibres: E-glass, S-glass and alkali resistant AR-
glass fibres. The E-glass fibres are susceptible to alkali. Even the S-glass fibres 
have higher elasticity modulus and strength than the E-glass fibres. They are not 
resistant to alkali either. The zircon component is added to glass fibres to im-






Production of aramid fibres is not common. They have an anisotropic struc-
ture. Their diameter is about 12 μm. Aramid fibres indicate non-linear and duc-
tile behaviour under compression and good toughness, as well as fatigue resis-
tance. Because they can absorb up to 7% of water from the ambient air humidity, 
they should be dried before the application. The aramid fibres are very sensitive 
to UV radiation, moisture and long-term loads (due to low creep behaviour), 
similarly to glass fibres. They can lose up to 70% of their initial tensile strength 
under UV expose.exposure. Due to low compressive strength (about 1/8 of their 
tensile strength), the compression load evokes localized fibre yielding resulting 
in fibre instability and formation of kinks. However, their fatigue resonance is 




Basalt fibres are produced from a volcanic mineral by melt-spinning from ba-
salt melt. This technology is quite similar to production of glass fibres but there 
are fewer energy requirements. They exhibit similar mechanical properties to 
glass fibres but with slightly higher elasticity modulus.  
 
High strength steel fibres  
 
They are produced in the form of steel wires, which can be bundled into 
cords, typically have a protective layer of zinc or brass coating to protect them 
againt corrosion. They have a linear elastic structural characteristics in the full 
range of loading.  
 
Natural fibres  
 
They have been used for structural applications with both organic and inor-
ganic matrices. The main problem of natural fibres is a large variety of their 
mechanical and physical properties. The most often applied fibres are vegetal 
fibres, including hemp, flax and kenaf. The tensile strength of natural fibres can 
vary within the range from 500 MPa to 1500 MPa, whereas their elastic modulus 
varies between 30 GPa and 70 GPa. 
The mechanical and physical properties of natural fibres are strongly influ-
enced by their geographic origin as well as by the production processes. The 
diameter is largely variable and natural fibres are generally intertwined to form 
small chords that are used to prepare sheets, fabrics or grids. Due to microstruc-
tural shear-lag mechanism, their tensile strength and the elastic modulus de-
crease with the increase in the chord diameter. Physical and mechanical proper-
ties can be reduced in their interaction with the matrix due to their loss of bond 
to the matrix (fib Bulletin 90, 2019). 
Introduction 
21 
The main advantages and disadvantages of FRP fibres are summarized in Ta-
ble 1.2. The benefit of FRP strengthening is high durability assurance. More 
common structural strengthening with FRP materials causes reduction in the cost 
of FRP composites and their great need for strengthening work all over the 
world. 
 
Table 1.2. The comparison of advantages and disadvantage of variable fibres 
Type of fibres Advantages Disadvantage 
GFRP low cost; high tensile 
strength; excellent insulat-
ing properties 
low tensile modulus; relatively high 
specific gravity; sensitivity to abrasion 
from handling; sensitivity alkalies; rela-
tively low fatigue resistance;  
CFRP high tensile strength–to–
weight ratio; high tensile 
modulus–to–weight; very 
low coefficient of linear 
thermal expansion; high 
fatigue strength 
high cost; high brittleness; electrical 
conductivity 
AFRP very low thermal conduc-
tivity; very high damping 
coefficient; high degree of 
yielding under compression 
hygroscopic make absorption moisture up 
to about 10% of fibre weight; at high 
moisture content, they tend to crack 
internally at pre-existing microvoids and 
produce longitudinal splitting; low com-
pressive strength; loss of strength and 
modulus at elevated temperatures; diffi-
culty in cutting and machining; sensitive 




The main function of a matrix is to protect the fibres against abrasion or envi-
ronmental effects. Moreover, a matrix acts as a binder of fibres and distributes 
the uniform load. A matrix has a strong influence on several mechanical proper-
ties of a composite, such as: transverse modulus of elasticity, tensile strength, 
shear and compressive mechanical properties. The fabrication process is influ-
enced by physical and chemical characteristics of the matrix, which consists of: 
melting, curing temperature, viscosity and reactivity with fibres. The most 
common matrix for composite materials used/ used for composite materials is a 
thermosetting polymer. A thermoplastic one is also used but it is not so common 
(fib Bulletin 90, 2019). 
Thermosetting epoxy, polyester and vinylester resins are most commonly 
used with high-performance reinforcing fibres, which are characterised by very 
good chemical resistance. They have several advantages, such as low viscosity 
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that enables easy fibre impregnation, good adhesive properties, room tempera-
ture polymerization characteristics, good resistance to chemical agents and the 
absence of melting temperature. However, their disadvantages are: limited range 
of operating temperatures, with the upper bound limit given by the glass transi-
tion temperature, poor toughness with respect to brittle fracture and sensitivity to 
moisture during the field applications (CNR-DT 200/2004, 2004). 
The epoxy resins have better mechanical properties (Table 1.3) than polyes-
ters and vinylesters. From physical point of view, they have the best durability 
when compared with polyesters or vinylesters. However, the latter two are much 
cheaper than the epoxy one.  
Another type of matrix, namely cement mortars, is produced on the basis of 
inorganic materials (cement-based, metallic or ceramic). The inorganic matrix 
used in the polymer-modified, cement-based mortars is most commonly applied 
in the form of textiles (fib Bulletin 90, 2019). 
 
Table 1.3. Mechanical properties of commonly used FRP epoxies 
Epoxy type Sikadur 300 (MPa) Tyfo S epoxy (MPa) 
Tensile strength 55.16 0.07 
Tensile modulus 1.72 3.18 
Tensile elongation 3% 5% 
Flexural strength 0.08 0.12 




The most commonly used type of adhesive in structural applications is ep-
oxy, which is a mixture of epoxy polymer resin with a hardener. Other types of 
adhesives, like cement-based ones, are made on the basis of inorganic materials. 
Variable adhesives may contain fillers, softening inclusions, toughening addi-
tives and others, depending on the application demands, which require a proper 
concrete surface preparation, adherent materials, temperature and technique 
control (fib Bulletin 90, 2019). A very important parameter influencing strength-
ening is the glass transition temperature, gT . It is considered according to both 
components of an epoxy adhesive (resin and the hardener) that strongly depend 
on curing time and temperature. If the temperature increases above the glass 
transition, the mechanical properties of the adhesive drop in an abrupt manner. 
The recommended epoxy adhesives in construction should be used at service 
temperatures below the glass transition temperature. The synthetic adhesives are 
used in their rubbery domain at service temperatures above glass transition tem-
perature. The mechanical properties of polymers used in their rubbery domain 




The epoxy adhesive demands include two different time concepts during the 
application process such as: the pot life, i.e. time after mixing the resin with the 
hardener before it starts to harden in the mixture vessel, and the open time, i.e.  
time between adhesive application to the adherents and their joining. There are 
several advantages of the epoxy adhesives when compared to other polymers. 
The most important are : high surface activity, good wetting properties for dif-
ferent substrates, long open time formulation, high cured cohesive strength, low 
shrinkage, low creep and superior strength retention under sustained load (fib 
Bulletin 90, 2019). The most popular are bi-component epoxy adhesives. 
The adhesive bond conditions can be identified by three types of fracture: 
– cohesive - localized inside one of the materials, which means the same mate-
rial remaining on the sides of the fracture surface, 
– adhesive - localized at the interface between an adhesive and a substructure, 
which means lower adhesive strength than the substructure, which  confirms 
improper application, 
– mixed fracture – combining cohesive and adhesive fracture, which occurs 
when surfaces are irregular and located in both materials (adhesive and sub-
structure). 
 
1.3. FRP composites 
 
The fibre reinforced polymer materials, made of various types of fibres em-
bedded in a matrix of epoxy, are produced in the form of:  
– thin unidirectional pultruded laminates (strips with thickness in the order of 
1 mm) (Fig. 1a), 
– flexible sheets or fabrics made of fibres in one or at least two different direc-
tions impregnated with resin in-situ (Fig. 1b), 
– rods, with diameter in the order of a few mm, made by pultrusion (Fig. 1b, c) 
(fib Bulletin 14, 2002), 
– profiles (T–shape, L–shape) – Fig. 1.d. 
Composite materials are divided into two groups, based on their internal 
structure that include single and multi-layer materials. The first group contains 
laminates (prefabricated strips) with unidirectional fibres surrounded by the 
epoxy matrix. Depending on the saturation of  fibres in the matrix, the single-
layer composite laminate has different mechanical properties in the longitudinal 
and transverse direction. 
In the second case (the multi-layer material), the structure of the composite 
consists of a hybrid structure. A single layer is then composed of two types of 
fibres (differing in type of material and strength) or consecutive layers of the 




 a) b) 
  
 
 c) d) 
  
Fig. 1.1. FRP composite materials : a), b), c), d) 
 
The mechanical properties of fibres and matrices characterised by the tensile 
strength and the tensile modulus of elasticity of FRP materials in the direction 
parallel to fibres are calculated according to the equations proposed by (Jones, 
1999; Wu and Eamon, 2017): 
 
 mmfff  1  (1.1) 
 
 mmfff EEE  1  (1.2) 
 
However, the tensile strength and the tensile modulus in the transverse direc-
tion is calculated according to: 
 




















where: 1f  is the tensile strength of the cured FRP laminate; f  is the tensile 
strength of dry fibre; m  is the tensile strength of matrix; f  is the volume 
fraction of fibre; m  is the volume fraction of matrix;  is the tensile modulus; 
 is elasticity modulus of FRP in fibre direction;  is elasticity 













   (1.6) 
 
where:  is the weight/or mass fraction of fibre;  is the weight/or 
mass fraction of the matrix; 
fw mw
c ,  f ,  and m  are the weight density of 














w   (1.8) 
 




A density of the full FRP material containing fibres is calculated 















 1 mf   (1.10) 
 
 1 mf ww  (1.11) 
 
Typically, the volume fraction of fibres in FRP materials is about 50-70% for 
strips and about 25-50% for sheets or fabrics. The mechanical properties of FRP 
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materials are estimated on the basis of  the properties of fibres and matrix and 
their volume fractions in the FRP material (fib Bulletin 90, 2019). 
Prefabricated strips are the most commonly used FRP materials for structural 
strengthening. Their material properties based on the above mentioned calcula-
tions in comparison with the mild steel are summarized in Table 1.4. and they 
are shown in Fig. 1.2. 
 
Table 1.4. Typical properties of prefabricated FRP strips in comparison with 
steel (fib Bulletin 14, 2002) 
Material 
Elastic modulus 
fE  (GPa) 
Tensile strength 
ff  (MPa) 
Ultimate tensile 
strain fu  (%) 
Prefabricated strips 
 Low modulus CFRP strips 
 Mid modulus CFRP strips 














* - yielding strength  

















Fig. 1.2. Stress-strain diagrams for different unidirectional FRP materials: 
carbon fibre reinforced polymer (CFRP), glass FRP (GFRP), aramid 
FRP (AFRP), basalt FRP (BFRP) and steel FRP (SFRP). 
 
The FRP laminate is fully anisotropic material with different tensile charac-
teristic in variable directions in relation to the longitudinal one. The elasticity 
modulus depends on a   angle between tensile force and the fibre direction 
(Jones, 1999; Matthews and Rawlings, 1994). The modulus of elasticity  of a 
ply loaded at an angle 
xE

























  (1.12) 
 
where:  and  are the elasticity modulus of the composite laminate parallel 
and perpendicular to the fibres, 
1E 2E
12  is the principal Poisson's ratio of the lami-
nate (generally 0.3) and  is the in-plane shear modulus of the laminate (see 
Fig. 1.3).  
12G
The ply orientation in the FRP laminate is determined on the basis of  a par-
ticular loading direction, which is known as the maximum applied load direc-
tion, which corresponds to this fibre direction, which transfers the maximum 
load and refers to the 0 degree direction.  
 
 
Fig. 1.3. Predicted  and  elasticity modulus in variable directions: xE yE   
angle-ply (from 0  to  9045 ) (Wu and Eamon, 2017) 
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The balanced FRP laminate is the one in which there is an equal number of 
θ+  and θ  plies. The symmetric laminate is the one in which the plies are 
symmetric in terms of geometry and properties with respect to the laminate mid-
plane.  
Balanced symmetric laminates have a simple response based on the compos-
ite structures generally designed to the strain level corresponding to the visible 
damage in its structure (Wu and Eamon, 2017). 
Classical Laminate Theory is an extension of the theory for bending of ho-
mogeneous plates, but with an allowance for in-plane tractions in addition to 
bending moments, and for the varying stiffness of each ply in the analysis.  
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Beginning with assumption of knowledge of the tractions  and moments N
M  applied to a plate at a position x , : y
 








































it is possible to define stressed integrated through the laminate. The average 
values of the tensile stress give the in-plane loads  and the linear variation 
gives the couples 
N
M . The end loads and moments are shown in Fig. 1.4, where: 
, xxx NN  yNyyN  . Using the elasticity properties of each ply, rotated to the 
fibre directions, the end ultimate loads relate to the mid – plane strains  and 
curvatures 
0
  to give the laminate the stiffness properties according to the fol-
lowing formula: 
 


























where: , A B  and C  are the stiffness propitiates: in-plane, the bending stiffness and 
the stiffness arises between the bending and membrane actions (shown in Fig. 1.4.). 
 
 
Fig. 1.4. Mid-plane forces and moments (Wu and Eamon, 2017) 
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The mechanical properties of the FRP materials ( fE  and ff ) are governed 
by the fibre properties ( fibE  and fibf ) and the cross-sectional area of the bare 
fibres, which have much higher stiffness and strength than the matrix ( mE  and 
mf ). There is a strong relation between the fibre volume fraction and the FRP 














Fig. 1.5. Stress-strain relations corresponding to various fibre volume frac-
tions of 100%. 70% and 50% (fib Bulletin 90, 2019). 
 
Different properties exhibit the in-situ resin impregnated systems with vari-
able final FRP thickness and the fibre volume fraction makes that the precise 
calculations of the strength properties are not possible and should be obtained 
from testing. 
 
Table 1.5. Anisotropic ratios of fibre-reinforced unidirectional laminates 
(CNR-DT 200/2004, 2004) 
Type of fibre / matrix E1 / E2 E1 / G12 σr1 / σr2 α1 / α2 
Silicon carbide/ceramic  1.09 2.35 17.8 0.93 
Boron/aluminium  1.71 5.01 11.6 0.30 
Silicon carbide/aluminium  1.73 5.02 17.0 0.52 
S-Glass/epoxy  2.44 5.06 28.0 0.23 
E-Glass/epoxy  4.42 8.76 17.7 0.13 
Boron/epoxy  9.27 37.40 24.6 0.20 
Carbon/epoxy  13.60 19.10 41.4 -0.07 
Aramid/epoxy 15.30 27 26.0 -0.07 
Ei –Young modulus of elasticity; Gij : shear modulus; σri – failure stress; αi - coeffi-





Composite materials have an anisotropic structure with entirely different 
physical and mechanical properties in the longitudinal and transverse directions. 
A degree of complexity of the composite structure is determined by the anisot-
ropy coefficient, which expresses the ratio of physical and mechanical character-
istics in two perpendicular directions. The values of anisotropic ratio in unidirec-
tional laminates calculated as a ratio between values of the composite properties 
in the longitudinal and transversal fibre directions are summarized in Table 1.5. 
 
Table 1.6. Characteristics of CFRP laminates (S&P, 2019; Sika® CarboDur®, 
2016; MC-Bauchemie, 2005; Mapei, 2018; Megachemie, 2011; 
Tyfo® UC Composite Laminate Strip System, 2015) 
Ef ffu 
Company CFRP material 
(GPa) (MPa) 
Type of adhesive 
CarboDur XS 165 2.200 
CarboDur S 165 2.800 
CarboDur M 210 2.800 
Sika 
CarboDur UH 400 1.800 
Sikadur 30 
Sikadur 41 
MC-Bauchemie MC-Dur CFK >167 >2.950 MC-DUR 1280 
Neoxeplate HS >170 >2.512 
Neoxeplate HM >230 >2.566 Megachemie 
Neoxeplate UHS >160 >2.571 
Neopoxe 30 
Neopoxe 41 
CFR-Lamellen 150/2000 >165 >2.500 
S&P 
CFR-Lamellen 200/2000 >210 >2.500 
Resine 220 




155 2.790 Tyfo® Epoxy 
 Ef – CFRP elasticity modulus; ffu – CFRP tensile strength  
 
Fibre reinforced polymer materials in the form of laminates, sheets and grids 
are commonly used for strengthening of existing RC members in flexure, shear 
(mostly existing slabs and beams) and confinement by wrapping of columns and 
to increase their compressive and seismic capacity. The commercially available 
FRP materials unidirectional and bidirectional FRP offered by Sika, S&P, Fife, 
and Mapei are summarized in Table 1.6. 
 
1.4. FRP strengthening systems 
 
A division of strengthening systems came from two following technologies 
of application of the strengthening materials:  
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– bonded on the external surface of concrete, known as externally bonded rein-
forcement - EBR or externally applied reinforcement - EAR (according to a 
new nomenclature in fib Bulletin 90, 2019) containing:  
– pre-cured systems based on prefabricated elements (Fig. 1.6a., b); 
–  systems cured in-situ based on flexible sheets (Fig. 1.6.c, d) 
– boned into groves cut in the concrete cover known a near surface 
mounted reinforcement – NSMR (Fig. 1.7a, b); 
– special systems: prestressing, mechanically attached laminates, automated 
wrapping, etc. (Fig. 1.8a, b, c, d); 
– advanced composite systems made of steel fibres in combination with poly-
meric matrices (SFRP) or even fibres in the form of textiles or grids bonded 
to concrete surface with inorganic mortars (textile reinforced mortars – 
TRM) (Fig. 17.d, e). 
 
a)  b )  
  
c)  d)  
Fig. 1.6. Externally applied FRP systems for flexural strengthening with: 
a) laminates; b) bottom and lateral L-shape profiles; c) lateral sheets 























      
b) 
   
c) d) 
         
Fig. 1.8. Special FRP systems for flexural strengthening: a) prestressed with 
anchorages; b) non anchored prestressing system - gradient method 
(TULCOEMPA Project); c) mechanically fastened system (SAF-
STRIP® MF-FRP on the bridge over the Meramec River in Missouri 
https://www.strongwell.com/wp-content/uploads/2013/04/SAFSTRIP-
Brochure.pdf); d) Textile reinforced mortar (TRM)  (Papanicolaou et 

















2. Flexural strengthening 
 
2.1. State of the art in research 
 
FRP application for flexural strengthening was introduced by Urs Meier in 
1980s using CFRP laminates at the Swiss Federal Laboratory for Materials 
Testing and Research (EMPA) (Meier, 1992; Meier et al., 1993). FRP was first 
applied in the United States by the California Department of Transportation, 
Caltrans in early 1990s (Wu and Eamon, 2017). 
A large amount of research was carried out all over the world (Kaiser, 1989; 
Ritchie et al., 1991; Saadatmanesh and Ehsani, 1991; Triantafillou and 
Deskovic, 1991; Triantafillou and Plevris, 1992; Uji, 1992; Jones and Swamy, 
1983; Ichimasu et al., 1993; Nanni, 1993; Deuring, 1993; Deuring, 1994; 
Täljsten, 1994; Chajes et al., 1994; Schwegler, 1994; Sharif et al., 1994; Meier, 
1995a, 1995b; Nanni, 1995; Takeda et al., 1996; Swamy et al., 1996; Shahawy 
et al., 1996; Arduini and Nanni, 1997; Garden et al., 1997; Meier, 1997; 
Labossière et al., 1997; Täljsten, 1997a; Siwowski, 1997; Siwowski and 
Radomski, 1998; Garden and Hollaway, 1998; Spadea et al., 1998; Garden et al., 
1998; Grace et al., 1999; Kachlakev and Barnes, 1999; Kotynia, 1999; Naaman, 
1999; Ross et al., 1999; Swamy and Mukhopadhyaya, 1999; Labossière et al., 
2000; Nguyen et al., 2001; Teng et al., 2002; Matthys et al., 2004). 
Polish experiences in structural strengthening started from bridges with the 
first application of CFRP laminates in 1992 on the bridge over the Wiar river 
(Siwowski and Radomski, 1998). One year later the second application with 
combined CFRP laminates and sheets was performed on the bridge over thw 
Bystry canal (Siwowski, 2012). Other polish CFRP applications on the RC 
structures were published by Furtak (1998, 2014), Radomski (2018), Siwowski 
and Radomski (2015), Siwowski and Żółtowski (2012). Much more effective 
flexural strengthening with prestressed laminates were carried out by Piątek 
(2017), Piątek and Siwowski (2016), Siwowski et al. (2010), Piątek and 
Siwowski (2017), Kotynia at al. (2014), Kotynia et al. (2015), Piątek and 
Siwowski (2017). 
Most research and field applications on flexural strengthening of RC 
members were carried out on simply supported beams and slabs strengthened on 
the bottom surface of the RC members without additional anchorage in the 
support region. However, to prevent debonding at the ends of the bottom 
laminates, U–shape sheets (Fig. 2.1.a) and overlapping FRP materials 
(laminates/sheets) (Fig 2.1.b) or mechanically anchored (laminates / sheets) can 
be installed (Fig. 2.1.c).  
The goal of this book is to introduce and describe general flexural 
strengthening of RC members by externally bonded laminates without additional 
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anchorage systems, so the only non-anchored systems will be further analysed in 
this book. 
The best summary of variable cases of flexural strengthening configurations 
with EB FRP materials on the bottom, top and the lateral surfaces of RC 
members was published by Oehlers et al. (2007). More cases considered 
multiple span flexural members with possible FRP applications located in 






Fig. 2.1. Anchorage systems for laminates in flexurally strengthened beams 
and slabs: a) U-shape sheets (Euro-projekt installation, Bartosik and 
Kałuża, 2010); b) overlapping FRP materials laminates/sheets Bridge 
over Bystry Canal in Augustów (Siwowski, 2015), c) mechanically 
anchored laminates (Siwowski and Radomski, 2015) 
 
2.2. Failure mechanisms of FRP strengthened RC members 
 
The existing research on reinforced concrete members flexurally 
strengthened with FRP materials can fail in several different ways, which are 
completely different in comparison with original RC members. There is a wide 
literature referring classification of the failure modes published for last two 
decades (Ajdukiewicz and Hulimka, 2010; Andrä et al., 2002; Bank et al., 2004; 
Bartosik and Kałuża, 2010; Brandt, 1996; Casadei et al., 2003; Cichocki, 2001; 
Czarnecki and Emmons, 2002; Derkowski, 2005; Deuring, 1994; El-Hacha, 
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2000; El-Hacha et al., 2001; Garden et al., 1998; Górski et al., 2002; Grace and 
Sayed, 2003; Gutowski et al., 2003; Kaiser, 1989; Kałuża, 2004; Kałuża and 
Ajdukiewicz, 2008; Kamiński et al., 2006; Katsumata et al., 2001; Kubica et al., 
2010; Lamanna et al., 2004; Lu et al., 2005; Łagoda, 2002; Łagoda, 2005; 
Maeda et al., 1997; Matthys et al., 2004; Meier et al., 1993; Menegotto and 
Monti, 2005; Michalak, 2000; Monti and Liotta, 2007; Mossakowski, 2006; 
Naaman, 1999; Radomski, 2005; Seracino et al., 2007; Sieńko et al., 2006; 
Siwowski, 1997; Siwowski and Radmoski, 1998; Taerwe et al., 1997; Täljsten, 
1994; Teng et al., 2002; Triantafillou and Antonopoulos, 2000; Wan, 2002). 
The most common classification based on test results of the existing research 
was presented in (Teng et al., 2002). Seven categories referring to material 
failure and interface debonding failure modes are summarized in Fig. 2.2, 
however the ninth mechanism was introduced by (Oehlers et al., 2007, Fig. 2.3 
and Fig. 2.4). 
 
 
Fig. 2.2. Failure modes of FRP-plated RC beams: a) FRP rupture (R); 
b) concrete crushing (CC); c) shear failure; d) concrete cover 
separation (CCS); e) plate end interfacial debonding (PE); f) 
intermediate flexural/shear crack-induced interfacial debonding (IC); 





Fig. 2.3. Variable configurations of strengthening with externally boded FRP 
materials (Oehlers et al., 2007) 
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The most common failure mode is debonding of the FRP laminate from the 
concrete surface which may proceed as: (Fig. 2.2.f, g): 
– intermediate crack induced interfacial debonding (ICD) initiates at the 
flexural / flexural-shear cracks in the highest bending moment region and 
propagates by gradual debonding of the laminate from the flexural crack to 
the end of the FRP end (Fig. 2.2.f. and g).  
When debonding occur at or near the end of a laminate it may proceed in 
three different ways:  
– critical diagonal crack (CDC) debonding occurs after formation of a major 
shear crack intersecting the plate near its end and develops from the 
intersection point to the plate end. This debonding develops along the 
laminate-concrete interface (Fig. 2.2.b) 
– concrete cover separation (CCS) (Fig. 2.2.c) 
– plate end interfacial debonding (PEI) (Fig. 2.2d). 
There is a possible combination of CDC debonding and CCS (Fig. 2.2.e). 
The interface of the concrete cover separation may occur in the concrete, 
adjacent to the adhesive layer or at the level of the internal tensile steel 
reinforcement. 
Two additional failure modes refer to the FRP rupture and concrete crushing, 
however the second one is possible only for the RC members of low concrete 
strength and high reinforcement ratio. 
The stress concentration is the reason of three main debonding mechanisms 
(IC, CDC and PE, Fig. 2.3 and 2.4). 
 
 
Fig. 2.4. Failure modes of FRP-plated RC beams according to (Oehlers et al., 
2007) 
 
Intermediate crack debonding 
 
The IC debonding mechanism is induced when a flexural crack intercepts the 
laminate. Following the crack widening under increasing load the stress 
concentrations in the intercepting point cause the interface FRP debonding (Fig. 
9f). It is generally located in the high bending moment region associated with 
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the widest flexural crack width and the highest strains of the FRP materials. The 
bond shear stress–slip s  condition describes further crack propagation from 
the flexural crack to the adjacent region (Fig. 2.5). Gradual IC interface crack 
occurrence leads to IC debonding developing to the end of the laminate. 
 
Table 2.1. Description of debonding mechanisms failure modes according to 
the existing guidelines (Oehlers et al., 2007) 
FRP debonding models 
Codes 
IC1 IC2 IC3 CDC PE 
AUST debonding debonding debonding debonding debonding 
EUR peeling off in 
uncraced 
anchorage 
peelinf off at 
flexural crack 
































Fig. 2.5. IC debonding mechanism (Oehlers et al., 2007) 
 
The intermediate crack debonding was observed in research by Kotynia 
(1999). This failure occurred in the bending region close to the flexural cracks 











Fig. 2.6. Intermediate flexural crack debonding: a) the beam set–up, b) 
debonding process, c) failure mode, d) location of the critical cross–
section “CS” in the bending region (Kotynia, 1999) 
 
The plane of delamination was initiated partially in the thin adhesive layer 
and the concrete cover. The normal tensile forces in the cross section from the 
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bending moment and the shear transverse force did not cause steel yielding in 
the cross-section located at the end of the laminate in this section (Fig. 2.6.c). 
 
Critical diagonal crack debonding 
 
The second failure mode named CDC debonding occurs if a crack intercepts 
the laminate and the crack widening due to shear stress concentrations at the 
intercepting point causes abrupt debonding of the laminate (Fig. 2.7). If the 
concrete contribution in the shear strength V  is exceeded, the RC beam fails 
under vertical shear due to the critical diagonal crack. It should be noted that the 
CDC mechanism is not associated with a flexural crack or a flexural-shear crack 
but it is caused only by a single diagonal crack that eventually slides and which 
governs the shear concrete capacity V . When the crack width  increases, the 
tensile force in the laminate increases, which finally leads to the IC laminate 






Fig. 2.7. Critical diagonal crack CDC debonding (Oehlers et al., 2007) 
 
Concrete cover separation 
 
The concrete cover separation induced by the inclined crack located close to 
the end of the laminate was described in research by (Kotynia, 1999). The FRP 
delamination started the moment the tensile steel reinforcement started yielding 
at the not strengthened cross-section of the beam (Fig. 2.8.). A sudden increase 
in the inclined crack width occurred close to the end of the strip caused the loss 
of bond between concrete and steel in the vicinity of this crack. This is why 
delamination occurred at the steel reinforcement level and the concrete remained 
joined with the laminate at this critical cross section (Fig. 2.8.).  
The application of lateral laminates overlapping the bottom laminate (Fig. 
2.9.) delayed delamination of the bottom laminate  that lead beneficial effects for 
the strengthening efficiency. This failure mechanism was described in Yao 
(2004) and Yao et al. (2005). After forming of the inclined crack close to the end 
of the FRP laminate in the unstrengthened region, the crack width starts to 
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increase, which results in debonding of the bottom laminate with the adjacent 
concrete cover (known as the “thick composite plate”) from the tensile steel 
reinforcement and reduction of the flexural stiffness of the beam due to 










Fig. 2.8. Concrete cover separation failure (CCS): test set–up of the beam, 













Fig. 2.9. Plate end debonding at the FRP anchorage debonding due to the 
predominant effect of shear stresses: a) test set–up of the beam, 
b) failure mode, c) location of the critical cross–section “CS” with 
the overlaping length of the lateral laminates on the “CS” position 
 
The “thick composite plate” under such a large curvature increase causes 
high interfacial stresses between the “composite plate” and the longitudinal 
reinforcement. Debonding failure induces the sudden composite plate tearing off 








Fig. 2.10. Concrete cover separation failure mode (Yao et al., 2005) 
 
Plate end debonding 
 
The third debonding mechanism induces the plate interfacial (PE) debonding 
at the FRP end due the high interfacial shear and normal stress concentration 
near the FRP end and the discontinuity of the laminate caused by the curvature. 
 
 
Fig. 2.11. Plate end (PE) debonding  mechanism (Oehlers et al., 2007) 
 
When curvature increases the axial tensile force,  in the laminate appears 
with the normal force  induced by the bending moment  (Fig. 2.11). The 
FRP end debonding starts from its end and propagates towards the maximum 
bending moment location. Generally, failure plane is localized in a thin concrete 
surface following in the interfacial adhesive layer. This failure mechanisms can 







The fourth  debonding mechanism (Fig. 2.4) caused by the stress 
concentration due to flexural cracks (IC), neither due to critical diagonal cracks 
(CDC), nor due to the discontinuity of the laminate (PE) is not separately 
classified and it is very rarely published. The  debonding comes from the 
elementary structural mechanics referring to the shear 
AyV
AyV
  and normal stress z  
(Model Björn Tälijsten (Tälijsten, 1997b), Fig. 2.12.). 
Brittle failure observed in the PE debonding is caused by complex stress state 
at the anchorage distance mentioned above (Fig. 2.12.). 
 
 
Fig. 2.12. Static scheme and complex stress state at the end of the EB FRP 
reinforcement (Tälijsten, 1997b). 
 
The normal stress z  (Fig. 2.13.) reached relatively much lower value in 
comparison with the shear stress that appeared on a very short anchorage 
distance (Fig. 2.14.). Hence, it is reasonable not to consider normal stress in the 
analysis at the end of the FRP laminate. 
However, this failure mode is very probable for beams strengthened with 
prestressed FRP laminates. Moreover, it should be considered in the 
serviceability limit states as well. 
Apart from the critical crack position and its width, the IC debonding 
depends on adjacent cracks and the curvature of the cracked RC member that is 
46 
Flexural strengthening 
different for slabs and beams (Nidermeier, 1997; Neubauer, 2000; Finckh, 2012; 


























Fig. 2.13. Calculated (according to Tälijsten (1996)) shear stress   diagram in 


























Fig. 2.14. Calculated (according to Tälijsten (1996)) normal stress z  diagram 
in the beam B-04/S (Kotynia, 1999) 
 
Load distribution effect 
 
Flexural behaviour of EB FRP–strengthened RC members depends on the 
load distribution, which significantly effects the cracking pattern in the IC 
debonding mechanism. Most of experimental programs based on the point 




scientific research. On the other hand, this scheme of loading is the most 
common one in the engineering practice. 
The load distribution strongly effects the curvature of a member and the 
cracking pattern, which, in consequence govern the cracking pattern. Although 
IC debonding failure was investigated in a vast amount of research, few of them 
developed IC debonding mechanism using strong relationship based on IC 
debonding and the interfacial shear stress distribution (Lu at al., 2007; 
Rosenboom and Rizkalla, 2008). Most of the existing approaches for IC 
debonding used the bond strength models for FRP-to-concrete bonded joints 
based on the pull-out bond tests or beam-bond tests. They will be described in 
Chapter 4. 
An effect of load distribution was investigated by Fu at al. (2018). The IC 
debonding was analyzed under two-point loading, four-point loading and eight-
point loading schemes. The eight-point loaded beam indicated greater increase 
in the mid-span moment from the first appearance of local FRP debonding to the 
final IC debonding. More regions with local debonding were observed until the 
final failure of the beam. This definitely confirms a huge effect of the load 
distribution on the process of crack propagation, the FRP debonding and final 
beam failure mode. 
In recent years, carbon fibre–reinforced polymer (CFRP) strips and sheets 
have been widely used for strengthening RC structures, by using an externally 
bonded (EB) technique, in which the strips and sheets are bonded to the concrete 
surface with epoxy resin. Many tests performed on RC members strengthened in 
flexure with EB FRP materials indicated low efficiency of this technique caused 
by premature FRP debonding. Although non-prestressed (passive) CFRP 
strengthening systems have shown significant increases in the ultimate strength, 
they have indicated slight increase in the serviceability limit state. Moreover, 
strain utilization of the EB CFRP laminates generally range from 30 to 35% of 
their tensile strength (Kotynia, 1999, Aram et al., 2008; Berset et al., 2002; 
Czaderski, 2012; Czaderski et al., 2012; Czaderski and Motavalli, 2007; 
Deuring, 1993; El-Hacha and Aly, 2013; El-Hacha et al., 2004a, 2004b; El-
Hacha et al., 2001; El-Hacha et al., 2003; Garden and Hollaway, 1998; 
Harmanci, 2013; Kaiser, 1989; Kim et al., 2010a, 2010b; Kim et al. 2008a, 
2008b; Kotynia et al. 2013a, 2013b; Kotynia et al., 2011; Lees et al., 2002; 
Meier, 1995; Meier et al., 1993; Meier and Stöcklin, 2005; Michels et al., 2012; 
Michels et al., 2011; Michels et al., 2014a, 2014b, Michels et al., 2013; 
Motavalli et al., 2011; Neubauer et al., 2007; Oudah and El-Hacha, 2012; 
Quantrill and Hollaway, 1998; Schlaich et al., 2012; Triantafillou and Deskovic, 
1991; Triantafillou et al., 1992; Wight et al., 2001; Wu et al., 2003; You et al., 
2012; Yu et al. 2008; Zilch et al., 2009; Gutowski et al., 2003; Kałuża and 
Ajdukiewicz, 2008; Siwowski et al., 2009; Stöcklin and Meier, 2003; Xue et al., 
2010; Yang et al., 2009), which confirms the efficiency of this technique only in 
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case of RC members that have been slightly preloaded before strengthening. 
Such behaviour is caused premature debonding failure of the CFRP composites 
from the concrete surface (Seim et al., 2001; Motavalli and Czaderski, 2007; 
Sayed-Ahmed et al., 2009).  
 
2.3. Strengthening with prestressed FRP members 
 
The state-of-the-art in prestressing methods were published in (El-Hacha et 
al., 2001; Kim et al., 2008a, 2008b; Schlaich et al., 2012). The following 
prestressing and anchorage commercially available systems have been 
developed for the last two decades: 
– S&P Clever Reinforcement Company (S&P, 2019) 
– “Leoba-CarboDur” system (Andrä et al., 2001) 
– Polish modified “Leoba-CarboDur” system (Łagoda, 2001, 2005; Łagoda G. 
and Łagoda M., 2009) 
– “Stresshead”system by Sika and VSL International Ltd. (Berset et al., 2002) 
– “gradient – anchored” prestressing system (Meier and Stöcklin, 2005; 
Michels et al., 2013; Czaderski et al., 2012) 
– TENROC “gradient – anchored” prestressing system (Haghani and Al-
Emrani, 2014) 
– Polish Neoxe Prestressing System (Siwowski et al., 2009, Piątek, 2017; 
Piątek and Siwowski, 2016a, 2016b; Piątek and Siwowski, 2017; Siwowski, 
2012a and b; Siwowski, 2006; Siwowski et al., 2017a, 2017b; Siwowski et 
al., 2010; Siwowski and Radomski, 1998; Siwowski and Radomski, 2015; 
Siwowski and Żółtowski, 2012; Paśko and Siwowski, 2106) 
– Several noncommercial systems have been used in the laboratory tests: 
– multi-layer CFRP sheets technique (Wight et al., 2001),  
– (El-Hacha et al., 2003) 
– (El-Hacha and Aly, 2013)  
– mechanically anchored, CFRP anchored U-wraps sheets (Kim et al., 2008 
d, e) 
– (Schlaich et al., 2012) 
In order to maximize the utilization of composites, brittle failure modes 
caused by debonding should be prevented by prestressing the composites (Wight 
et al., 2001; El-Hacha et al., 2004). This solution, however, has one important 
drawback. The tensile force acting on the strip cannot be conveyed directly onto 
the concrete surface because the shear stress corresponding to it significantly 
exceed the tensile strength of concrete, which leads to debonding of the 
composite from the concrete surface. For this reason, the system of 
strengthening with pretensioned laminates requires mechanical anchorage of 




It should be emphasized that the effectiveness of the flexural strengthening 
depends on a number of factors including: FRP type, axial stiffness and the 
number of CFRP layers; distance of the CFRP end from the support; the existing 
longitudinal and shear steel reinforcement ratio; bending moment distribution. 
Although EB CFRPs increase the load-bearing capacity of an RC member, they 
do not significantly change the cracking load and deflections under the service 
loads. To gain the greatest advantage of the EB technique, CFRP prestressing 
has been proposed to improve the serviceability of strengthened structures, to 
reduce crack widths effectively, to relieve stress in the internal reinforcement, to 
enable control the crack distribution, limit deflection, and increase the stiffness 
and the load capacity of RC members. 
The application of the prestressed laminates significantly increases the 
cracking load, the steel yielding load and finally the load carrying capacity in 
comparison with a reference RC member. 
Since the 1990s, many researchers who investigated the efficiency of the 
FRP prestressing technique for RC members have proved the aforementioned 
advantages of this method (Triantafillou et al., 1992; Deuring, 1993; El-Hacha et 
al., 2001; Wight et al., 2001; Wu et al., 2003). The application of externally 
bonded prestressed FRP laminates/sheets for flexural strengthening of the 
existing RC structures is quite a common strengthening technique. The CFRP 
materials (made of carbon fibres) are most recommended for prestressing due to 
their high strength comparison with other types of fibres. There are some 
historical applications with glass fibre–reinforced polymer (GFRP) sheets 
(Huang et al., 2005), aramid tendons (Lees and Burgoyne, 1999). However their 
strengthening efficiency has been quite low, because of their low elasticity 
modulus. 
Experimental tests on RC specimens strengthened with prestressed 
composites indicated that prestressing levels should be at least 0.25 of the FRP 
ultimate strength (Meier, 1995a). For prestressing levels above 0.70 of the CFRP 
ultimate strength, failure attributable to the fracture of the composite was 
observed. However, for prestressing levels below 0.60 of the CFRP ultimate 
strength, strip debonding appeared as to be the most common failure mode 
(Meier, 1995a). To use the tensile strength of the composite effectively, a 
prestressing level of approximately 0.50 of the CFRP ultimate strength has been 
suggested (Garden and Hollaway, 1998). 
A review of the available literature on strengthening of RC members with 
prestressed laminates was presented in (Garden and Hollaway, 1998; Teng et al., 
2002; Yu et al., 2008; You et al., 2012; Kim et al., 2008a; Pellegrino and 
Modena, 2009; Wight et al., 2001; Kotynia and Kamińska, 2003; Meier and 
Stöcklin, 2005; Kotynia et al., 2011; Czaderski, 2012; Czaderski and Motavalli, 
2007; El-Hacha et al., 2004; Kim et al., 2010b; Kotynia et al., 2013a, 2013b; 
Michels et al., 2014b; Lasek, 2015; Piątek, 2017).  
Flexural strengthening 
51 
Reinforced concrete beams strengthened with prestressed CFRP laminates 
show three groups of failure modes: 
– under-reinforced RC members failed due to FRP rupture (R) 
– over-reinforced RC members with composite reinforcement applied 
excessively, resulting in concrete crushing (CC), however this failure mode is 
possible only for the RC members characterised by low concrete strength and 
high reinforcement ratio 
– intermediate crack induced by interfacial debonding (ICD), initiates at the 
flexural / flexural-shear cracks in the highest bending moment region and 
propagates by gradual debonding of the laminate from the flexural crack to 
the FRP end 
– the group of RC members with the reinforcement not anchored sufficiently, 
in which leads debonding of FRP ends (plate end debonding - PE, concrete 
cover separation - CCS, anchorage failure - AF). 
 
The parameters effecting strengthening efficiency with externally bonded 
FRP prestressed materials may be summarized as follows: 
– type of FRP material (laminate, sheet)  
– FRP stiffness (thickness, number of layers, elasticity modulus) 
– existing flexural tensile reinforcement ratio 
– existing shear reinforcement ratio 
– stiffness of the strengthened RC member (slab, beam) 
– size of the strengthened RC member  
– type of strengthening system (mechanically anchored, fully efficient (FRP 
rupture) or partially efficient (FRP sliding from the anchored system) 
– preloading level 
 
The analysis of variable parameters influencing the strengthening efficiency 
was published by Kotynia et al. (2013a). 
 
2.4. Preloading effect 
 
Preloading is one of the most important parameter to be taken into account in 
the design of strengthening of existing RC structures. This problem has been 
investigated in several publications (Wang and Li, 2004; Mukherjee and Rai, 
2009; Gao et al., 2016; Lasek, 2015; Michels et al., 2016; Mahal et al., 2016; 
Correia et al., 2015; Aslam et al., 2015). The experimental tests carried out by 
[13, 19] revealed that the failure of beams strengthened with EB CFRP with 
adhesion was mainly caused by debonding of the laminate from the concrete 
surface. Usually, strengthening is applied to an already cracked surface or 
cracking appears during loading of the strengthened structure, which initiates a 
local slip of the laminate in the close proximity of the flexural crack. The 
Renata Kotynia 
52 
subsequent development of local slips of the laminate between two adjacent 
cracks leads to incompatibilities between the concrete and laminate strains. If the 
structure is cracked and deformed under initial extensive preloading, 
strengthening with non-prestressed composites is not effective. 
Still few experimental studies considered an effect of preloading on flexural 
strengthening efficiency of RC members (Arduini and Nanni, 1997; Bonacci and 
Maalej, 2000; Shahawy et al., 2001; Yeong-soo and Chadon, 2003). Lam and 
Teng (2001) indicated that the effect of preloading due to self-weight and 
service loads is generally beneficial if a beam fails by FRP rupture. However, if 
the concrete strength is low and the initial preloading level is high the 
strengthening capacity is notably governed by the concrete crushing failure 
mode. This effect should be considered in the sectional design analysis of the 
strengthened cross section. This problem will be more developed in Chapter 5. 
The research by Kotynia at al. (2013a) and Gao at al. (2016) indicated that 
the preloading load level had marginal effect on the flexural capacity of the 
strengthened beams when failure is governed by FRP rupture. However, if the 
FRP anchorage failure is the mode of failure, the prestressing level has the 
significant effect on the strengthening efficiency. Although the preloading levels 
exceed the serviceability limit states prior to strengthening, the application of 
prestressed CFRP laminates results in a significant reduction of deflections and 
strains due to subsequently applied loads. The prestressing technique led to 
partial recovery of the beam stiffness similar to specimens without preloading. 
Even the imposed sustained load was 40% (Gao et al., 2016) or 70% (Lasek, 
2015) higher than the load of the steel yielding in the reference beam, the 
increase in the beam strength after strengthening was between 50-76% of the 
reference beam capacity.  
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3. FRP to concrete bond behaviour 
 
3.1. Debonding mechanisms 
 
In general, the bond of externally bonded FRP reinforcement is governed by 
the brittle loss of adhesion between FRP and concrete that may occur in the thin 
adhesive layer, concrete surface or within the FRP reinforcement (it occurred in 
the interface between layers of the FRP sheets with different inclination of fibres 
bonded each other). The adhesive strength is generally much higher than the 
tensile concrete strength, hence debonding always takes place within the 
concrete in its thin surface layer or in the whole concrete cover (Fig. 3.1). 
Generally, the process of debonding is very rapid. 
The most common FRP debonding begins in a short distance of a 
strengthened element and it further propagates to the end of the EB FRP 
reinforcement (fib Bulletin 90, 2019). This failure mechanism is known as the 
localized debonding, which is defined as a reduction of the bond performance 
between concrete and FRP. The bond loss proceeds along the short bond length 
limited to a few millimeters next to the flexural or shear crack (see Fig. 2.3., 
Fig. 2.4.). 
On the contrary, when localized debonding propagates and the composite 
action is lost in such a way that the FRP reinforcement is not able to carry loads 
anymore, failure is called peeling-off (Fig. 2.11). If no stress redistribution from 
the external FRP to the internal steel reinforcement is possible, peeling-off will 
occur as a sudden and brittle failure. 
 




Fig. 3.1. Debonding failure: a) in a thin concrete cover; b) in a deep concrete 





Due to the adhesive penetration into the concrete micro-structure, a thin layer 
of concrete in contact with the adhesive reaches a higher strength, resulting in 
debonding along a surface parallel to the FRP, a few millimeters inside the 
surrounding concrete (Fig. 3.1.a). Moreover, debonding may occur along a 
weakened layer and quite often along the internal steel reinforcement. 
 
Debonding in the adhesive (cohesive failure in the adhesive) 
 
This failure mode occurs very rarely through the adhesive layer only if its 
strength is lower than that of the concrete. 
 
Debonding at the interfaces between concrete and adhesive or adhesive and 
FRP reinforcement (adhesion failure) 
 
Bond loss along the interfaces between concrete and adhesive or adhesive 
and FRP reinforcement may only occur if there is an insufficient surface 
preparation before the strengthening application process, since the cohesion 
strength of epoxy resins is lower than the adhesion strength. 
 
Interlaminar shear failure in FRP 
 
Since the FRP reinforcement is a composite material, debonding may also 
occur through the FRP material system. This failure mechanism initiates when 
the maximum shear stress in the FRP reaches its shear strength. However, 
typical polymer matrix materials have the shear strengths that are several times 
higher than that of concrete, so this failure mechanism is very rare. 
 
FRP debonding in the concrete cover interface 
 
Most failure mode observed in experimental tests on RC members flexurally 
strengthened with FRP materials are caused by peeling-off of the external 
reinforcement. The weakest region in the FRP/concrete system is in the concrete 
layer near the surface. The debonding failure modes can be classified into two 
following main categories, depending on the location in which debonding 
occurs: 
– at the anchorage end of the FRP reinforcement – end plate debonding 
(Oehlers and Moran, 1990; Oehlers, 1992; Garden and Hollaway, 1998; Teng 
and Smith, 2002a, 2002b; Oehlers et al., 2003; Yao and Teng 2007; Oehlers 
and Seracino, 2004) 
– at the flexural-shear or flexural cracks region – intermediate crack 
debonding (Arduini and Nanni, 1997; Rahimi and Hutchinson, 2001; 
Sebastian, 2001; Smith and Teng, 2002a, 2002b; Teng et al. 2003; Teng et al. 
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2006; Liu et al., 2006; Chen et al., 2007; Seracino et al., 2007b; Liu et al., 
2007; Czaderski, 2012)The first failure mechanism starts at the end of the 
FRP laminate (plate end debonding – PE), when the inclined microcracks 
propagate inside the concrete cover to several millimetres depth (if the 
concrete strength is lower than that of the adhesive) (Fig. 3.1.b). 
The second failure mode is observed in the RC members subjected to the 
bending moment and shear deformation. Due to the curvature increase the 
peeling stresses increases leading to local detachment of the FRP laminate. The 
mixed mode of failure is possible for both mechanisms acting together. 
 
3.2. Bond behaviour between FRP and concrete 
 
There are following five set-ups for the bond tests published in literature 
(Holzenkaempfer, 1994; Chajes et al., 1996; Ueda et al., 1999; Focacci et al., 
2000; Chen et al., 2001; Ahmed et al., 2001; Teng et al., 2002; Smith and Teng, 
2002a; Chen and Teng, 2003; Smith and Teng, 2003; Yuan et al., 2004; Yao et 
al., 2005; Lu et al., 2005; Ceroni et al., 2008; Olivito et al., 2009; Pellegrino and 
Modena, 2009b; Savoia et al, 2009; Zhou et al., 2010; Alam et al., 2012; 
Guadagnini et al., 2012; Serbescu et al., 2013; Mazzotti et al., 2016): 
– double-shear pull test (Fig. 3.2.a) 
– double-shear push test (Fig. 3.2.b) 
– single-shear pull test (Fig. 3.2.c) 
– single-shear push test (Fig. 3.2.d) 
– beam-bond test (Fig. 3.2.e). 
The test procedure depends on two main parameters: 
– loading condition in the concrete block 
– symmetry of the specimens that based on a single (with one side of block) or 
double (with two sides of blocks) tests. 
 
In the double and single shear pull tests the tensile load is applied to the 
external FRP composite material and to the concrete block (Fig. 3.2.a, c). 
However in the next two set-ups tensile load is applied to the FRP material with 
the pushing force applied to the concrete block causing local compression in the 
pushed block (Fig. 3.2.b, d). Each set-up configuration can be symmetrical 
(double test, Fig. 3.2.a, b) or asymmetrical (single test, Fig. 3.2.c, d). 
The pull shear test (single / double) reflects the real situation existing in RC 
structures flexurally strengthened with externally bonded FRP reinforcement 
applied on the tensile surface of the member. In this test set-up, tensile loading is 
applied into the steel bars embedded in the block realized by applying tension 
(Holzenkaempfer, 1994; Brosens and van Gemert 1997; Maeda et al. 1997; Ueda 
et al., 1999; Wu et al., 2001; Savoia et al., 2009; Bilotta et al., 2011, Serbescu et 
al., 2013). However, this test set-up is rather complicated, so more bond tests have 
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been realized on the single shear push tests, where the compressive force is 








Fig. 3.2. FRP to concrete bond test set-ups: a) double-shear pull test; 
b) double-shear push test; c) single-shear pull test; d) single-shear 
push test; e) beam-bond test (Mazzotti et al., 2016) 
 
For the RILEM standard beam-bond test set-up referring to steel bars in 
concrete elements was adapted with the FRP reinforcement bonded on the 
tensile face of the beam (Fig. 3.2.e). The beam consists of two separate concrete 
blocks connected at the bottom by the FRP reinforcement and on the top side by 
a steel hinge loaded by two vertical loads (De Lorenzis et al., 2001; Cruz and 
Barros, 2002; Ceroni et al., 2008; Kotynia, 2012). 
The single and double shear tests reflect only pure shear test. However, in 
practice flexurally strengthened RC members with EB FRP reinforcement 
indicated under loading curvature changes that made the bond subjected to both 
normal and shear stresses under loading, mainly at the cracking zone (Karbhari 
et al., 1997; Mukhtar and Faysal, 2018). This problem can be successfully 
simulated in the beam-bond tests and other mixed-mode tests. However, the FRP 
in the bending test is not directly loaded but somehow subjected to tensile 
stresses due to bending action (Mazotti et al., 2016). In general, the specimens 
subjected to the mixed-mode type of test set-ups are reported to have less 
bonding strength compared to other test set-ups (Ghorbani at al., 2017). If the 
FRP material is bonded to the bottom surface of the beam under flexure, the 
orthogonal compressive state appears to FRP bonded length leading to increase 
in the bond strength (Miller and Nanni, 1999; Ghorbani at al., 2017). The reason 
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of the higher bond strength is the orthogonal compressive stress, which makes 
anti-peeling effect in the FRP-to-concrete bond behaviour. 
Most of the existing FRP-concrete bond tests based on the direct tension pull-off 
test. It should be noted that the direct tensile test is difficult to perform in real tests. 
If debonding is induced by a flexural-shear crack the vertical displacement 
between the two sides of this crack appears (Fig. 3.3). Then the FRP 
reinforcement starts to be loaded by the positive inclination angle to the 
longitudinal axis on one side and at the same but negative angle on the other side 
of the crack (Yao et al., 2005). 
Due to acting flexure and shear, curvature deformation causes displacement of 
two sides of the crack, which generates relative vertical displacement across the 
crack. The flexure and shear lead to the mixed-mode loading, resulting in plate 
end debonding and intermediate crack-induced debonding, followed by crack 
opening and vertical shearing of the two faces of the crack interface (Fig. 3.4). 
 
 
Fig. 3.3. Initiation of FRP peeling by vertical displacement between two sides 
of a flexural-shear crack (Sebastian, 2001;Yao et al., 2005). 
 
When the normal tensile stress acts the FRP–to–concrete interface is under 
positive eccentricity that makes the positive angle between FRP and concrete 
interface. However if the FRP-to-concrete interface is exposed to the normal 
compressive stresses the negative eccentricity appears with the negative angle 
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(Triantafillou and Plevris, 1992; Yao et al., 2005; Ghorbani at al., 2017). In this 
case the tensile stresses is more dominant contribution to the interface fracture 
than the axial tensile debonding load in the pure loading in the common single 
lap-shear bond test. 
 
 
Fig. 3.4. State of FRP sheet at the location of: (a) flexural/shear crack (Yao et 
al., 2005); and (b) pure flexural crack (Ghorbani at al., 2017). 
 
To find an effect of the load inclination on the FRP-to-concrete interface 31 
experimental single bond tests with variable bond length, loading angle and 
positive or negative angle inclination were performed by Ghorbani et al. (2017), 
Fig. 3.5. 
Ghorbani at al. (2017) proposed the formula to predict the mixed–mode 
loading: 
 
 IIa,II PP    (3.1) 
 
where:  is the bond strength under pure mode II loading; IIP a  is a coefficient 















   (3.2) 
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where:    is the loading angle in degrees;  is the FRP bond length [mm]. 
If 
fL
0 , the coefficient a  (3.2) is greater than that in pure mode II loading, 
resulting in a higher debonding load obtained from (3.1). However, if 0 , a 








Fig. 3.5. Single lap-shear test under: a) positive angle; b) negative angle; c) 
pure (zero angle) loading (Ghorbani at al., 2017). 
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The relationship between ultimate axial force, , and the ultimate normal 























where:  [N/mm] is the ultimate normal force per unit width of FRP strip at the 
onset of bond zone;  [N/mm] is the ultimate axial force developed in the unit 




Ghorbani at al. (2017) indicated that the load-slip curves of all tested 
specimens under compressive mode I loading confirmed 4 distinct regions, with 
linear-nonlinear and hardening-softening branches. Moreover, specimens 
experiencing compressive mode I loading showed a stiffer bond between FRP 
and the concrete substrate, in a way that the debonding crack opens at a higher 
load in comparison with the control specimen. It strongly emphasized that the 
effect of normal compressive stresses on the strength specifications of FRP-to-
concrete joints should be considered. The proposed model confirmed 
compatibility of predicted and test results. 
 
 a) b) 
 
Fig. 3.6. Single-shear push bond test set-ups: a) horizontal; b) vertical 
(Mazotti et al., 2016) 
 
Another parameter investigated in the bond tests refers to position of the 
concrete block, that makes differences referring to debonding load effecting by 
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the different restraint conditions of the concrete blocks. The difference is caused 
by the tensile force applied to the FRP reinforcement: 
– in the horizontal set-up the FRP is axially tensioned without any restrains 
from the tensile plane (Fig. 3.6.a) 
– in the vertical set-up the FRP material is loaded with a small eccentricity that 
makes a misalignment to the FRP (Fig. 3.6.b). 
 
3.3. Effective bond length  
 
The effective bond length  is the minimum bonded length of the FRP 
reinforcement that ensures the maximum tensile force transfer between the 
concrete element and the external FRP reinforcement. Variable guidelines give 
empirical equations based on the experimental tests. The following existing 
guidelines propose the effective bond length (without any safety coefficient 
eL
f , 
c  and bd ). 
 
3.3.1. fib Bulletin 14, 2001 
 










  (3.4) 
 
where: ,  are the elasticity modulus and thickness of FRP reinforcement, 




3.3.2. CNR-DT 200 R1, 2013 
 
A new version of CNR_DT200 R1 (2013) proposes the following formula for 






































k  (3.8) 
 
  (3.9) mm.su 250
 
where:  in case of pre-impregnated laminates, and  in 
case of post-impregnated sheets;  is the shape factor;  and  are the width 
of external FRP reinforcement and the width of the strengthened element, 
respectively. FC is an additional safety factor (only for design value). 
0230.kG  0370.kG 
cbfk fb
 
3.3.3. fib Bulletin 90, 2019 
 
A generic sb   bond law is characterized by a softening branch leading to 
an ultimate slip . An accurate analysis of the bond–slip law is presented in 
Chapter 4 (Fig 4.3, Table 4.2, with 
0s
fss 0 , maxb  1
0s
). The effective bond 
length is the length necessary to attain the slip  at the loaded section of the 























  (3.11) 
 






  (3.12) 
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In general, for any relationship sb  , the fracture energy depends on the 
strength properties of concrete and adhesive and on the characteristics of the 
concrete surface. In particular, if the FRP reinforcement is correctly applied, 
debonding occurs in the concrete and the fracture energy can be expressed as a 
function of the bond strength, 1b . Since 1b  the bond depends on the concrete 
tensile strength, the fracture energy can be directly expressed as a function of the 
mean tensile,  or mean compressive, , strength of concrete: ctmf cmf
The fracture energy is calculated from the formula: 
 



























sL   (3.15) 
 
The coefficient  is calibrated by a statistical procedure; k mm.s 2500  , the 
values of the coefficient  can be assumed as 0.25 for the mean value or 0.17 
for characteristic value (5%) of the compressive concrete strength. Thus, the 





































  (3.17) 
 
3.3.4. ACI 440.2R-08, 2008 
 





L   (3.18) 
 
where:  is a number of FRP layers with  thickness of the layer. fn ft
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3.3.5. Other approaches to the effective bond length 
 










  (3.19) 
 
where:  is the elasticity modulus of concrete. cmE
 







L   (3.20) 
 















.s 410  (3.22) 
 
 ctmckff ffk.G 030  (3.23) 
 








  (3.24) 
 
  (3.25) 1522 .c 
 
The comparison of the effective bond h in the function of the compressive 
concrete strength, according to the above presented formulas is shown in Fig. 
3.4 for separate four cases referring to: a) cured in-situ one layer of CFRP sheets 
( , mm.t f 1650 GPaE f 216 ), b) cured in-situ three layers of CFRP sheets 
( , mm.t f 4950 GPaE f 216 ), c) pre-cured CFRP laminate ( , 
), d) pre-cured CFRP laminate (
mm.t f 41
GPaE f 210 mm.t f 21 , GPa165E f  ).  
It is visible that flexible cured in-situ sheets require the shortest bond length in 
comparison with the rigid CFRP pre-cured laminates. It is a well known rule, on 
the basis of the axial stiffness ( )of the FRP externally-bonded reinforcement, 
which indicates that with the increase in the FRP thickness and its modulus of 
ff tE
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elasticity , the bond strain fE b,f  decreases. For one type of FRP reinforcement 
(e.g. CFRP materials), the elasticity modulus varies from 165PGa to 220MPa, 
However, the thickness varies from 0.165mm to 1.4mm, which gives 8.5 times 
higher difference). This is why the main effect on the bond properties comes from 












Chen & Teng, 2001
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tf = 0.165mm, Ef = 216MPa
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tf = 0.495mm, Ef = 216MPa
bf = 100mm, b = 300mm
 
Fig. 3.7. The comparison of the effective bond length according to variable 
formulations for: a) one layer, mm.t f 1650 , GPaE f 216 , b) 
three layers, mm.t f 16503 , GPaf 216E  ) 
 
A consequence of the stiffness effect ( ) the bond length of pre-cured 
laminates is much higher than the FRP cured in-situ sheets. The effective bond 
ff tE
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length by Chen and Teng (2001) and by ACI 440-2R-8 is the most conservative 
one, when compared to other codes and formulas. The new fib Bulletin 90 (2019) 
gives effective length similar to the new version of CNR-DT200 (2013). However, 
the previous version of CNR-DT200 (2004) follows the formula by by Pellegrino 
(2008). 
The CFRP sheets are not sensitive to the concrete strength (mainly if one 
0.165 mm-thick layer is considered). However, 3 layers of CFRP sheets require 
almost 2 times higher effective bond length Le when compared to one sheet 
( ). The CFRP laminates with much higher thickness than CFRP 
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tf = 1.4mm, Ef = 210MPa
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tf = 1.2mm, Ef = 165MPa
bf = 100mm, b = 300mm
 
Fig. 3.7. cont. c) mm.t f 41 , GPaE f 210 , d) mm.t f 21 , GPaE f 165  
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3.4. Theoretical bond models  
 
The model on the basis of the general deboning failure mode due to the 
concrete cover separation with the attached soffit FRP laminate bonded to the 
separated concrete cover (described in Chapter 3.1) has several different names: 
end-of-plate failure through the concrete, concrete rip-off failure, debonding at 
rebar layer, concrete cover delamination and plate end interfacial debonding. 
 
The published debonding strength models were classified into following four 
categories (Smith and Teng, 2001, 2002a, 2002b): 
– shear capacity models – on the basis of debonding failure strength related to 
the shear strength of the concrete with none or partial contribution of the steel 
shear reinforcement (Oehlers, 1992; Ahmed and van Gemert, 1999; Jansze, 
1997) 
– concrete tooth models (Wang and Ling, 1998; Raoof and Hassanen, 2000; 
Raoof and Zhang, 1997) 
– interfacial stress based models (models I and II of Ziraba et al., 1994; 
Varastehpour and Hamelin, 1997; Saadatmanesh and Malek, 1998; Tumialan 
et al., 1999) 
– bending-shear interaction model (Oehlers, 1992) 
 
3.4.1. Shear capacity based models 
 
Oehlers’ model (Oehlers and Moran, 1990; Oehlers, 1992) 
 
This strength model considers two positions of the bottom FRP laminate 
termination: 
a) in the constant moment region 
b) in the FRP laminate terminated closed to the support. 
For the first flexural debonding moment  at the end of the laminate is 
defined on the basis of the formula calibrated for the steel plates on the bottom 










  (3.26) 
 
where:  and  are the elasticity modulus of concrete and FRP, 
respectively;  is the cracked second moment of area of the FRP laminate 






strength (if not experimentally determined,   5050 .'cct f.f  );  is the thickness 
of FRP laminate. This bending moment should be taken as the additional 
moment applied to the beam at the FRP end. For the second model at the plate 
FRP terminated close to the support, it is assumed that debonding occurs, when 
the shear force at the plate end  reaches the shear concrete capacity, without 
the steel shear reinforcement contribution defined by formula (according to the 


















s  is the tensile steel reinforcement ratio;  is the cross section 
area of the tensile steel reinforcement;  is the concrete cross section width; 
 is the effective depth of the section and 
sA
cb






























 s,dbend,dbf,dbend,db VV,V   (3.31) 
 
where:  is a distance from the support to the nearer end of the FRP laminate; 
 is the flexural debonding moment;  is the shear concrete capacity in 
the beam without steel shear reinforcement;  and  are the bending 
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Jansze’s model (Jansze, 1997) 
 
This model is based on the initiation of shear cracking in the RC beam 
without contribution of the shear reinforcement. The critical shear force in the 
RC beam at the FRP end causing its debonding  is calculated from: end,dbV
 




























  (3.34) 
 
where: B  is the shear span,  is a modified shear span. If  is greater 
than the actual shear span 
modB modB
B  of the beam, the modified shear span should be 
given by 
2
BBmod  . 
Jansze’s model (Jansze, 1997) is not valid for the bottom FRP laminates 
terminated at the support, where . 0modB
 
Ahmed and van Gemert’s model (Ahmed and Gemert, 1999) 
 
This model is the modified Jansze’s model  
 







































  (3.37) 
 
where: PES  is the same as in Jansze’s model;  and  are the first moment 
of area of the FRP laminate and steel reinforcement, respectively, concerning the 




equivalent steel laminate is one that has the same total tensile capacity and width 
as that of the FRP laminate, but with an equivalent thickness determined 
assuming that the yield stress of steel is 550 MPa;  and  are the second 
moments of area of the cracked strengthened section transformed to concrete 
with an FRP laminate and an equivalent steel laminate, respectively;   and 
 are the widths of the FRP and adhesive, respectively; s is the stirrup spacing; 






frpa bb  . 
 
3.4.2. Concrete tooth models 
 
The fundamental assumption of these models based on a cantilever formed 
between two adjacent cracks  under the action of horizontal shear stress at the 
base of the beam (Fig. 3.4.b). If the shear stresses exceeds the tensile strength of 




Fig. 3.8. Concrete tooth model: a) cracked beam, b) concrete tooth between 
two adjacent flexural cracks (Zhang et al., 1995) 
 
Raoof and Zhang’s model 
 
First approach to externally bonded steel plates was proposed by Raoof and 
Zhang (Raoof and Zhang, 1997; Zhang et al., 1995). Then the model was 
developed for the concrete cover separation failure in FRP-strengthened beams. 
The minimum crack spacing is the boundary condition for the FRP debonding 
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where:  is the area of concrete in tension;  is the average bond strength of 
steel to concrete, 
eA u
 barsQ  is the total perimeter of the tensile reinforcing bars; it 
is assumed that cuf.u 280  and cuct f.f 360 ;  is the compressive 
cubic concrete strength. 
cuf
The tooth failure occurs when the stress at point A (Fig. 3.4.) exceeds tensile 









  (3.39) 
where:  and 'frpA hlbM  12
3lbI frpA  ; is the crack spacing,  is the 
effective depth of steel tensile reinforcement; 
l  'h
  is the shear stress at the 
interface between the concrete and the soffit plate;  is the second moment of 
area of the tooth;  is the moment at the base of the tooth; 
AI
AM ctfA   is the 
stress at the interface between the concrete and the steel plate. 












  (3.40) 
 
The minimum normal stress in the soffit plate  corresponding to the 
flexural cracking and failure of a tooth covering the minimum stabilized crack 
spacing is calculated on the basis of the formula: 
min,s
 









11540  (3.41) 
 
where:  is an effective length of the FRP plate for end anchorage;  is the 
effective depth of the cross section;  is the compressive concrete strength. 
On the basis of the Raoof and Zhang model (Raoof and Zhang, 1997) the 








   mml,L.lL minminminp 72250212   (3.42a) 
 mml,lL minminp 7232   (3.42b) 
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Wang and Ling’s model (Wang and Ling, 1998) 
 
A modification to the Zhang et al.’s tooth model originally dedicated to steel 
plates (Zhang et al., 1995) was proposed by Wang and Ling (1988) for the FRP 
plate debonding. This approach considers bond strength between the concrete 













where: 'cs f.u 3130  is the average bond strength between the steel tension 
reinforcement and concrete assumed as cuc f.f 80 ,  is the average FRP to 
concrete bond shear strength, 
frpu
MPa.u frp 961 . 
 
3.4.3. Interfacial stress based models  
 
On the basis of the existing knowledge, failure due to concrete cover 
separation or plate end interfacial debonding occurs at the end of the laminate, 
where the shear stress  , transverse normal stress y  (peeling) and longitudinal 
stress x  exceed the limit values (Fig. 3.5.) (Ziraba et al., 1994; Varastehpour 
and Hamelin, 1997; Saadatmanesh and Malek, 1998; Tumialan et al., 1999). 
 
 
Fig. 3.9. Interfacial stress based model at the end of the FRP laminate 
(Saadatmanesh and Malek, 1998) 
 
Ziraba et al.’s models 
 
Ziraba et al. (1994) proposed two debonding models dedicated to RC beams 
reinforced with steel plates: the first one (Ziraba et al.’s model I) considers 
interfacial debonding of the steel plate end, and the second one (Ziraba et al.’s 
model II) refers to the concrete cover separation.  
72 
FRP to concrete bond behaviour 
Ziraba et al.’s model I – is called plate end interfacial debonding 
 
Based on the Mohr–Coulomb approach the critical stress state at the plate 
end interfacial debonding is defined:  
 
   Ctany    (3.44) 
 
where:   and y  are the maximum interfacial shear and normal stresses at the 
plate end;  is the coefficient of cohesion; C   is an angle of internal friction. All 
these parameters are given by: 
 
















































KtC  (3.47) 
 
where:  and  are obtained from analytical solution by Roberts 
(1989) for internal shear and normal stresses, while 
1RC 2RC
1  and 2  are 
empirical multipliers calibrated from numerical studies (Ziraba et al., 
1994) for RC beams retrofitted with steel plates. The shear stiffness  














bEK   (3.49) 
 
where: , ,  and  are the modulus of elasticity, shear modulus, 
width and thickness of the adhesive layer, respectively;  is the 
second moment of area of the cracked plated section transformed into 








frpI  the second moment of area of the FRP plate alone;  the distance 
from the compressive face of the RC beam to the centroid of the FRP 





The shear force at the plate end causing the plate end interfacial debonding is 


























. Ziraba et al. specifies: 351  , where:  is the beam’s depth and h
 and two values of equal to: 2.68 MPa and 5.36 MPa. C1.1 ,  282   
 
Ziraba et al.’s model II - concrete cover separation 
 
Ziraba et al. (1994) modified the ACI code (ACI 318-95, 1999) prediction of 
the shear capacity of an RC beam into the following equation, where k is the 
efficiency factor of steel shear reinforcement: 
 
 scend,db kVVV   (3.51) 
 
where:  and V  are the contributions of concrete and steel shear reinforcement 
















V yvsys   (3.53) 
 
where:  is longitudinal steel reinforcement ratio s
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Saadatmanesh and Malek’s model (Saadatmanesh and Malek, 1998) 
 
This model predicts concrete cover separation in the FRP strengthened RC 
beams. The shear stress   and the normal stress y  at the end of the FRP 
laminate are derived from Malek et al.’s (1998) approach, while the longitudinal 
stress x  is calculated from the bending analysis on the basis of an uncracked 
section. This closed-form solution was derived assuming the following quadratic 
distribution for the bending moment, which can accommodate both point and 
uniformly-distributed loads: 
 
     3221 aaxaaxaM   (3.55) 
 
where: x  is the distance along the FRP laminate from its end. For a simply 
supported beam subjected to three or four point bending, the bending moment at 
the plate end , for FRP laminate terminated in the shear span, is given by 
. The interfacial shear stress 
0M
32a0 aaM    at the end of the FRP laminate is 
given as: 
 







GA   (3.57) 
 











































where:  is the uncracked second moment of area of the plated section 
transformed to concrete, and  is the neutral axis depth of this transformed 
section. The normal stress 
c,truI
c,trux





































  2300 50 bAbthb.VV frpfrp*   (3.61) 
 


















  (3.63) 
 
where:  is the second moment of area of the beam and q  is a uniformly 
distributed load if such a load exists. 
cI
The longitudinal stress x  at the base of the RC beam, at the end of the soffit 
laminate, due to a bending moment  can be determined from a bending 
analysis of an uncracked section. The bending moment in the concrete beam at 




 frpm hab.M 50  (3.64) 
 















 yxyx  (3.65) 
 
At the plate end, the concrete is generally subjected to biaxial tension. 
Concrete cover separation occurs, when the maximum principal stress reaches 
the concrete splitting tensile strength: 
 











R   (3.67) 
 
  2Ry C  (3.68) 
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4. Bond strength models  
 
The existing shear anchorage strength models published in literature contains 
variable approaches. On the basis of experimental results and general division of 
the existing approaches proposed by Faella et. al. (2004). They consisted of: 
– models determining the maximum axial strain of FRP materials fd  
corresponding to intermediate crack debonding, 
– models determining the maximum gradient of axial FRP stresses f  
between two adjacent flexural cracks, 
– models defining a maximum shear stress max , corresponding to the 
intermediate debonding. (Bilotta et al., 2013; Pellegrino et al., 2008). 
The intermediate crack debonding model has been studied by limited number 
of research. Simple shear tests describe the most common debonding behaviour 
corresponding to debonding due to flexural cracks. Hence, the simple strength 
models for FRP plate-concrete joints can be used to predict the intermediate 
flexural crack debonding failure. Many available studies about the intermediate 
crack debonding are based on the bond-slip model derived from direct shear 
bond tests (Fig. 4.1). In this approach there is a stress concentration near the 
crack. The interfacial slips occur on both sides of the flexural crack and the total 
amount of interfacial slip is equal to the width of the flexural crack.  
 
 
Fig. 4.1. The bond-slip model for the flexural intermediate crack debonding 
 
A review of existing models with a division into models that consider or not 
consider the effective bond length in calculation of the anchored load is provided 
in the following subchapters. 
 
4.1. Empirical models 
 
On the basis of various experimental shear tests described in Chapter 3.1, a 
considerable mount of models were published by: Bizindavyi and Neale (1999); 
Brosens and Van Gemert (1997); De Lorenzis et al. (2001); Maeda et al. (1997); 
Miller et al. (1999); Nakaba et al. (2001); Neubauer and Rostasy (1999); 
Pellegrino et al. (2008); Täljsten (1997); Yao et al. (2005); Chen and Teng 
(2001); Maeda et al. (1997); Nakaba et al. (2001); Neubauer and Rostasy (1999); 
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Khalifa et al. (1998); Horiguchi and Saeki (1997); Chen and Teng (2003); Chen 
and Teng (2001); Yao et al. (2005); Ceroni and Pecce (2002); Blontrock et al. 
(2002); Brosen and van Gemert (1997); Guadagnini et al. (2012); McSweeney 
and Lopez (2005); Ceroni et al. (2008), Mazzotti et al. (2005); Matana et al. 
(2005); Ceroni et al. (2014); Guo et al. (2005); Dai et al. (2003). 
 
Table 4.1. Empirical bond models 
Authors Ultimate load  fN
van Gemert (1980) ctmbff fLb.N 50  
Tanaka (1996)    bbff Lln.LbN  136  
Hiroyuki and Wu (1997) 6690885 .bbff L.LbN
  
Maeda et al. (1997) 





  (mm),  [GPa-mm] ff tE
Brosens and van Gemert 
(1997)  
ctmeff fLb.N 50  
Adhikary and 
Mutsuyoshi (2001) 
32250 ckeff f.LbN   

























Izumo’s (JCI, 2003) 
  332 1021583  ffbf/f tELb.'fc.N  for CFRP 
  332 106943  ffbf/f tELb'fc.N  for AFRP 





































 – ultimate load [N];  – width of the beam [mm];  – composite width [mm]; 
 – effective bond length [mm];  – thickness of FRP material [mm];  – elasticity 
modulus of the FRP material [MPa];  – surface tensile strength of concrete [MPa]; 







Bond strength models 
The existing knowledge of the FRP-to-concrete bond behaviour confirms the 
main difference between the anchorage design of the externally bonded FRP 
materials in comparison with internal steel reinforcement which fulfils a 
sufficiently long anchorage length in a concrete member. This fundamental 
principle in the EB FRP-to-concrete and internal steel-to concrete bond 
behaviour leads the difference in exhaustion of the tensile strength of both 
materials. 
The aim of the flexural strengthening is to use the thin CFRP laminates with 
the highest level of exhaustion of the tensile strength. However, the most 
common failure mode is debonding of the externally bonded FRP materials from 
concrete due to shear failure. This failure mode occurs in the thin concrete cover 
few millimeters above the bottom of the adhesive layer. This failure mode 
significantly depends on: 
– the concrete strength, 




– an effective bond length. 
Another investigated parameter governing the bond strength is the bond 
length. On the basis of the bond test data published in Chen and Teng (2001), 
the effective bond length is the length beyond which any increase in the bond 
length does not cause any increase in the bond strength. The effective bond 
length issue is presented in Chapter 3.3. 
 
4.2. Shear bond slip models 
 
There are two ways to determine the local bond–slip chracteristics on the 
basis of the pull tests (Lu et al., 2005a): 
– on the basis of the axial strain measurements from the strain gauges bonded 
on the externally bonded FRP laminate/sheet  
– on the basis of the load–slip curves at the loaded end. 
The first simple method is not precise and it gives not accurate local bond–
slip characteristics., because the strain measurement is local and does not reflect 
the real FRP strain. The shear stress calculated from the strain is thus not 
reliable, even though the slip is less sensitive to variations of crack pattern.  
The second method is an indirect method and on the basis of the local bond–
slip curve from the load–slip curve. It was indicated that even different local 
bond–slip curves may lead to similar load–displacement curves (Lu et al., 
2005a). 
 
To describe the FRP-to-concrete bond phenomenon (Fig. 4.2) the fracture 
plane (marked with a dotted line) shows debonding plane that is wider than the 
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width of the FRP laminate and extend more on the free zone at the concrete 
prism edge, where the FRP laminate is not bonded. 
 
 
Fig. 4.2. The scheme of the FRP to concrete pull-out test (Lu et al., 2005a) 
 
There are several parameters effecting the local FRP-to-concrete bond–slip 
behaviour: 
– the concrete strength,  cf
– the bond length,  L
– the FRP laminate axial stiffness,  ff tE
– the FRP-to-concrete width ratio, 
– the adhesive stiffness, 
– the adhesive strength. 
It should be pointed out that the main difference between the internal 
reinforcement and externally bonded reinforcement is the effective bond length 
 beyond, which an extension of the bond length  cannot increase the 
ultimate load. This justifies the opinion that the full tensile strength of the EB 
FRP reinforcement cannot be achieved (without any anchorage system). 
eL L
 
4.2.1. Fracture mechanics models 
 
Fracture energy  is the parameter directly characterising the FRP–to–
concrete bond behaviour, which is used for determining the ultimate bond load 
 taken from the pull-out test. However, the only fracture energy parameter 
 is not sufficient to obtain the full range behaviour of the FRP–to–concrete 
interface in the intermediate debonding in the FRP strengthend RC memebers. 





Bond strength models 
accurate local bond–slip model is the most important one in modeling EB FRP 
RC members. 
The interfacial fracture energy  is the energy required to create and fully 
break the elementary unit area of the cohesive crack (Mazzotti et al., 2016). The 




 szy   curve of Bazant and Planas (1997): 
 
  (4.1)   f
s
zyf dssG 0 
 
where:  is the slip corresponding to complete separation of the interface. The 
mean values of  Rabinovitch (2004) developed fracture energy of the 
concrete model to study the end plate debonding on the basis of the fracture 
mechanics concept of energy release rate. 
fs
fG
On the basis of the direct shear tests Täljsten (1996) proposed the 
relationship between the fracture energy and the load-carrying capacity 
determined by the formula: 
 
 fffff tEGbN 2  (4.2) 
 
One of the first bond strength models between steel and concrete on the basis 
of nonlinear fracture mechanics (NLFM) was investigated by Holzenkämpfer 


































where:  is the bond strength [N],  [MPa-mm],  is the effective bond 
length [mm] and  is the fracture energy given by  










  (4.4) 
 





where:  is the average surface tensile strength of the concrete determined in 
the pull-off test [MPa],  is a constant determined in linear regression analysis 
using the results of double shear or similar tests,  is a geometrical factor 
related to the width of the bonded plate  [mm] and the width of the concrete 


















  (4.6) 
 
Neubauer and Rostasy (1997) modified Holzenkämpfer’s bond strength 











































  (4.8) 
 
The nonlinear fracture mechanics analysis by Täljsten (1996) used to 



















where:  and  are the elastic modulus and thickness of the concrete member. cE ct
 
Yuan and Wu (1999) developed the bond strength between FRP and concrete 



















Bond strength models 
On the basis of the results of different shear tests Yuan and Wu (1999) 
performed the most real linearly ascending and then descending response shown 
in Fig. 4.4 (with e0 ss   and ). For this shear-slip model the bond 
strength was given by Yuan at al. (2004) 
uf ss 
 























































  (4.14) 
 







































   (4.16) 
 
where  is the concrete splitting tensile strength. ctf
 
Yang at al.’s model (2001) considers the tensile strength of concrete and the 


















































  (4.18) 
 
Teng et al. (2002, 2003) based their model on the NLFM analysis developed 
by Yuan and Wu (1999). Chen and Teng’s model predicts the bond strength and 












































  (4.20) 
 
Chen and Teng (2003) modified their expression above to the ultimate 




cLff 3150  (4.21) 
 
Teng et al. (2004) presented a smeared crack approach for a finite element 
simulation of intermediate crack-induced debonding. A design model, on the 







f.k.   3241710  (4.22) 
 






















  (4.23) 
 
The comparison of four chosen bond–slip models for normal-adhesive 
interfaces is shown in Fig. 4.3 and in Table 4.2 (Lu et al., 2005a). The following 
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parameters were used for the comparison: , , 
, 
MPaf 'c 32 MPa.ft 03
mmbf 50 mmbc 100 , mmGPa.tE ff  216 , 50.bb cf   
 
 
Fig. 4.3. Comparison of curves on the basis of existing bond–slip models by 
Lu et al. (2005a) 
 
The linear-brittle model of Neubauer and Rostasy (1999) stands out of other 
three models. Several published bond tests indicated that the bond–slip curve 
have an ascending branch and a descending branch, similar to the curve from 
Nakaba et al.’s (2001) model  or Savioa et al.’s (2003) model. From comparison 
shown in Fig. 4.3 seems that the linear-brittle model by Neubauer and Rostasy 
(1999) is rather unrealistic. However, other models confirm reasonably close 
agreement both in ascending branch and a descending branch.  
The summary of existing bond–slip models is shown in Table 4.2 with 
determination of the local bond shear stress,  ; the local slip s , the local bond 
strength, max ; the slip for the maximum bond stress max ;  the slip for the 
bond stress reduced to zero, ; the width ratio factor, 
0s
fs w  and the compressive 
concrete strength, . 'cf
 
4.2.2. Meso-scale finite element model  
 
Lu et al. (2005a) proposed three bond–slip models of different sophistication 
levels on the basis of meso-scale finite element model. These bond–slip models 
on the basis of a combination of finite element results and the test results predict 
both the bond strength and strain distribution in the FRP plate. 
These models can be recommended for the numerical modelling of FRP 
strengthened RC structures. However, these modes are limited to the joints with 





Bond strength models 
The simplified bilinear bond–slip model on the basis of the simple explicit 
design equation for the bond strength. This bilinear model has the same local 
bond strength and total interfacial fracture energy, so the bond strength is 
unaffected by this simplification if the bond length is longer than the effective 
bond length. This bilinear model is described by the following bond equations 


































 maxff Gs 2  (4.25) 
 
Regardless of the bond–slip model, the bond strength of the FRP-to-concrete 
bonded joint in terms of the interfacial fracture energy is given by equation: 
 
 fffflu GtEbP 2  (4.26) 
 
where l  is the bond length factor. When , eLL  1l , but when  eLL 
1l . The analytical solution for  with a bilinear bond–slip model is 

































   (4.28) 
 











































  (4.31) 
 
 
Fig. 4.4. Bond–slip curves from meso-scale finite element simulation and 
proposed bond–slip models (Lu et al., 2005a) 
 
Among the three models proposed by Lu et al. (2005a) (Fig. 4.4), two of 
them are precised and the third simplified one is a bilinear, identified by the 
following relationships for determining the three parameters: max ,  and  







































A simplified curve was achieved by using the experimental results of bond 
tests performed on wet-lay-up sheets with thickness between 0.133 and 0.5 mm 
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for one or three layers. The model by Lu et al. (2005a) proposed the approach 
for assessing the interface relationship and, consequently, the fracture energy 
value, considering only the strength of the concrete, but neglecting the influence 
of the axial stiffness of the FRP reinforcement, in particular the FRP thickness. 
However, it is known that the reinforcement thickness is one of the main 
parameter affecting debonding behaviour. With the increase of the FRP 
thickness, the normal and shear stresses in FRP-to-concrete interface increases 
leading to the probability of premature FRP debonding. 
 
 
Fig. 4.5. Bilinear (elastic-softening) law at the FRP-to-concrete interface 
(Bilotta et al., 2012) 
 
This problem was developed by Bilotta et al. (2011b) using the statistical 
analysis of the variable experimental bond tests, containing both wet lay-up 
sheets and laminates. They indicated limited application of the Lu et al.’s 
(2005a) model (limited only to the FRP sheets). Regardless of βw value, the 
same values of maximum shear stress were calculated for the FRP laminates and 
sheets bonded to concrete. 
The indirect identification method (IndIM) procedure of the bilinear curve 
published by Bilotta et al. (2012) indicated reliability of this method regardless 
of a type of FRP reinforcement (sheet or laminate). 
 
4.3. Parameters effecting the FRP to concrete bond behaviour  
 
The most important factor effecting the proper bond between FRP and 
concrete is the concrete strength, its surface roughness, FRP and concrete 
cleanliness.  
There are several surface preparation methods, which affects the bond 
properties: brushing, bush-hammering, sandblasting, grinding and steel 
shotblasting. One of the most common techniques in the experimental tests is 
sandblasting, while other techniques have been described to a very small extent 
(Mazzotti et al., 2007).  
A wide analysis of over 200 pull-off tests carried out on different types of the 
concrete surface roughness was published by Iovinella et al. (2013). The 
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roughness index  determined by (4.28), was used to provide precise 




  (4.33) AR RiI 
 
where: R  is the average of all individually measured peak to valley heights (Fig. 
4.6);  is the micro-average inclination angle which is the average of the pixel 





Fig. 4.6. Roughness parameters (Iovinella et al., 2013) 
 
On the basis of two values of concrete strength and variable surface 
preparation (grinding, brushing, bush-hammering and sandblasting) dependency 
of the roughness index  on the bond strength was determined. The bush-
hammering and sandblasting were the most effective techniques, increasing the 
bond strength by more than 30 and 50% of the reference strength, respectively. 
Irrespectively of the type of surface preparation the correlation between the bond 
strength and the roughness index  for both types of concrete was observed. 




 baIR   (4.34) 
 
where:  is the effectiveness of the roughness increasing for a specific concrete 
and  is the limit strength if the theoretical roughness value is zero (referring to 
the case of no roughness surface). Two curves were proposed for two values of 
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Fig. 4.7. Roughness index-bond strength relationship (Iovinella et al., 2013) 
 
The calculated curves of the bond strength dash-dot lines according to the 
Italian Guidelines DT-200 concerning these two values of concrete strength 
(15 and 20 MPa) on the basis of the following expressions:  
 
 ffffB GtEbF 2  (4.35) 
 
where:  is the interface fracture energy defined as: fG
 
 ctmcmfGf ffkkG   (4.36) 
 















k  (4.37) 
 
cmf  and  are the mean values of compressive and tensile concrete strength. ctmf
 
On the basis of the collected test data the new formula of the bond strength 
by introduction of new roughness coefficient  for CNR DT200 guideline was 













  (4.38) 
 
which gives the final form shown in Fig. 4.8: 
 
 ctmcmrfGf ffkkkG   (4.39) 
 
 
Fig. 4.8. Relationship  factor vs  parameter (Iovinella et al., 2013) Gk RI
 
In order to compare interface laws obtained from specimens subject to 
surface treatments, the following new non-linear interface law was proposed by 




















  (4.40) 
 
where:   is the maximum shear stress, s  is the slip at the peak,  coefficient 
governing the softening branch, calibrated for each surface condition by a mean 
square fitting procedure according to Table 4.3. 
n
 
Very good compatibility of the proposed model with the test results is shown 
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Fig. 4.9. The comparison of the predicted shear stress-slip model with the test 
results (Iovinella et al., 2013) 
 
Table 4.3. Parameters used in the proposed shear stress–slip calibrated curves 






















One of the main conclusions from Iovinella et al. (2013) research is that the 
effect of concrete surface roughness should be included in the design 
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5. Design guidelines and code formulations 
 
5.1. ACI 440.2R–08 
 
In order to avoid the intermediate crack debonding failure of the RC 
members strengthened with EBR FRP, the ACI 440.2R-08 (2008) propose to 







f.   90410  (5.1) 
 
where: fu  is the FRP design rupture strain. 
 
The ACI 440.2R recommendations indicate that if the stiffness of the 
laminate increases, the strain limitation becomes more severe. It is important to 
recognize that ACI does not include the effect of existing internal longitudinal or 
transverse steel, concrete strength, the properties of the adhesive layer bonding 
the FRP to the concrete or the width of the FRP laminate relative to the concrete 
width. 
In case of shear or pure axial strengthening, the maximum bond strength is 








  (5.2) 
 




5.2. fib Bulletin 14 
 
The fib Bulletin 14 (2001) takes a design approach, recommending a direct 
use of a shear stress-slip relationship to predict the debonding failure. In the fib 
model the critical bond stress and slip parameters are determined from 
experimental analysis of the FRP system and substrate condition. The Bulletin 







Approach 1 – FRP Tensile Force  
 
The maximum axial force in the FRP that may be anchored  and the 














  (5.4) 
 
where:   is a reduction factor to account for influence of inclined cracks on 
bond strength, typically 90. , whereas 01.  should be taken for beams 
having sufficient internal or external shear reinforcement and for slabs,  is a 
factor accounting for concrete compaction, 
ck
01.kc   for FRP bonded to concrete 
faces cast against formwork, 670.kc   for FRP bonded to concrete faces not 
cast against formwork,  is the width of a beam soffit,  is the tensile 
strength of concrete,  and  are empirical factors determined for CFRP to be 

























  (5.5) 
 
where:  is the FRP width. The maximum axial force in FRP and the 
debonding FRP strain 
fb
fdb  are given by 
 






fkkc1   (5.7) 
 
Approach 2 – FRP bond stress 
 
The second fib approach involves determining the critical increase in tensile 
stress in the bonded FRP, transferred by bond stress, between adjacent concrete 
flexural cracks. This model requires determination of a critical crack pattern and 
the corresponding bond stresses transferred to the FRP. This aspect of analysis is 
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beyond the scope of the present discussion. However, the maximum stress 
























cL 2  (5.9) 
 
where:  is the compressive strength of concrete, 'cf 2301 .c   and  for 
CFRP. 
4412 .c 
In both 1 and 2 fib approaches, the FRP capacity is reduced if the available 
bonded development length, . In cases were  is less than  




  and the FRP strain limit fdb  are reduced by 





















Fig. 5.1. Anchorable tensile stress related to anchoring length (fib Bulletin 14, 
2001) 
 
Approach 3 – Concrete bond strength  
 
The third fib approach comprises two steps. The first step involves 
verification of the end anchorage as in Approach 1. The second step involves 
verifying that the substrate concrete can transfer the expected shear stress 
developed across the FRP-concrete interface. The main assumption of this 
approach is that if shear stress is maintained below the concrete bond shear 
strength, flexural cracks will not lead to debonding. 
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5.3. fib Bulletin 90 
 
The simplified method presented in the new version of fib Bulletin 90 is 
based on the analysis of two main approaches corresponding to debonding at: 
– the end of anchorage zone, 
– intermediate crack debonding based on the ultimate FRP strain. 
The second approach is more conservative than that predicted by the more 
accurate method, which is further presented in Chapter 6.  
 
Approach 1 - Ultimate strength for debonding at the end anchorage zone 
 
The main assumption of this approach is the predominant effect of the 
interfacial shear stress, which indicates that normal stress can be neglected. 
The maximum tensile stress  and corresponding tensile force in the 











1  (5.11) 
 
     ffffbbfb GtEbllF 21  (5.12) 
 
































1  (5.13) 
 
Solution with the bilinear bond stress-slip relationship 
 
If bilinear bond law model presented in Fig. 4.1 is assumed, the fracture 






  (5.14) 
 
and the maximum stress in the FRP at debonding can be calculated from: 
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  (5.15) 
 
The solution based on the “design by testing” approach 
 
For debonding at the end of anchorage zone approach, the mean, the 5% 
characteristics and the design debonding strength, ,  and , in the 

































  (5.18) 
 
where: forces in [N], lengths in [mm] and the partial factor 51.fb  . 
The numerical coefficient  can be calibrated by a statistical procedure as 
 (Bilotta et al., 2011), or it can be obtained considering the 5% 
characteristic value of the parameter  as 
mk
250.km
k 170050 .kk .k   (presented in 
Chapter 3). 
Thus the tensile FRP force can be calculated as: 
 
 321 2 cmfffmffbm ftEkkbF   (5.19) 
 
Approach 2 - Ultimate strength for debonding at intermediate cracks 
 
FRP debonding at intermediate cracks is analysed in four main approaches: 
a) a simplified approach based on the maximum strain in the FRP 
b) a more accurate approach based on the bond force transfer at the concrete 
elements between cracks 
c) the one based on bending–shear interaction 




Simplified approach based on maximum strain in the FRP reinforcement  
 
At the ultimate limit state, the maximum the tensile stress does not exceed 
the lower fractile value (5%) of the bond strength , obtained by the 




  (5.20) fbmm,crIC,fbm fkf 
 









  (5.22) 
 
where: 12.k m,cr   and 81.k k,cr  . 
 
The maximum values of interfacial shear stress are significantly lower when 
compared to the stress developed close to the end of the FRP itself. This implies 
that the value of the maximum FRP strain related to the intermediate crack 
debonding can be assumed higher than that pertaining to end debonding. The 
tensile stress at the intermediate crack ( , , ) has to be 
calculated. The safety factor 
IC,fbmf IC,fbkf IC,fbdf
fb  can be assumed 1.5. 
The corresponding value of the design strain in the FRP reinforcement, 







  (5.23) 
 
This limiting value of strain in the FRP reinforcement should be adopted in 
the critical sections of the strengthened element, i.e. in the sections where the 
bending moment is maximum and where it is assumed that a flexural or 
shear/flexural crack will form. 
 
Bond force transfer at the concrete elements between cracks approach 
 
In this approach, the stress variation, f , in the FRP between two adjacent 
cracks should not exceed a suitable limiting value R , which corresponds to 
the maximum increase in tensile stress that can be transferred by means of bond 
stresses along the crack spacing. The value of R  depends, in general, on the 
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bond constitutive law, on the distance between cracks, , and on the stress 
level, 
rs
f , in the FRP reinforcement under the ultimate load condition. 
The formulation given in DAfStb (2014) is based on the definition of the 
shear strength and includes the effect of the bond of the external reinforcement, 
the bond friction and the curvature of the element. Both simplified and detailed 
approaches are suggested in DAfStb (2012) and are presented in Chapter 6.1. 
The analysis of flexural strengthening for non-prestressed members may be 
simplified as the analysis of flexural load-bearing capacity, using general stress 
of the FRP. In this approach, an analysis of the bond force transmission at an 
element between cracks is not necessary. 
The stress in the FRP at the ultimate limit state can be calculated as 
 
  fdIC,fbdfd f,fmin  (5.24) 
 
where:  is design value of the FRP bond strength corresponding to 
intermediate crack debonding Eq. (5.22) (with 
IC,fbdf
11  ) or (5.24), and  is 

















  (5.25) 
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More accurate method 
 
The more accurate method comprises the verification of bond strength 
transmission at the elements between cracks. For this verification, it must be 
checked whether the change of the tensile force of the FRP, fEdF , is lower 
than the resistance, fRdF , at each concrete element between cracks: 
 
 fRdfEd FF    (5.26) 
 
The increment of FRP tensile force at the element between cracks can be 
calculated from the difference of the FRP tensile forces at both cracks: 
 
    xFsxFF fEdrfEdfEd    (5.27) 
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where:  is the crack spacing. Then, either a detailed analysis of bond strength 
transmission at the elements between cracks or a simplified analysis may be 
performed, as given next (DAfStb 2012). 
rs
 
Determining the crack spacing for reinforced concrete members 
 
The crack spacing  may be determined as rs
 
 051 ,er l.s   (5.28) 
 






Ml 0  (5.29) 
 
where:  is cracking moment,  ( h  is total member height) and 
 is bond force per length. In reinforced concrete members, the cracking 









h.f ,  in mm and  is section modulus of the 
uncracked concrete cross section (moment of inertia divided by the distance of 
the extreme tensile fibre from the neutral axis). When determining  for T-
beams, the effective flange width shall be taken into account. The bond force per 




  (5.31)   
n
i bsmi,si,sbsm fnF 1 
 
where:  is mean bond stress of the reinforcing steel,  is the number of 
steel rebars with diameter 
bsmf i,sn
i,s . 
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where: 1vb  and 2vb  depend on the bond conditions and may be taken as 
011 .vb  2vb   for good bond conditions and 701 .vb   and 50.2vb  for 
medium bond conditions. 
 
5.4. JSCE Recommendations 
 
The Japanese Society of Civil Engineers Recommendations for Upgrading of 
Concrete Structures with use of Continuous Fibre Sheets (JSCE, 2001) notes that 
the important contribution of the interfacial fracture energy between the bonded 
FRP and substrate concrete in determining the maximum stress and the FRP 













   (5.33) 
 
where: the reported values of total interfacial fracture energy  for CFRP 
strips bonded to the clean concrete substrate range from 0.44 to 0.55 N/mm. 
fG
 
5.5. Concrete Society TR55 
 
The Concrete Society Technical Report 55 (2000) takes essentially the same 
approach to avoid FRP debonding as it is in the fib Bulletin 14 (2001) 
Approach 1. The tensile bond capacity and corresponding FRP debonding train 






fk.,ftEbk.N 5050    (5.34) 
 
where:  term is given by Equation (5.5). fk
 
5.6. CNR DT200 
 
5.6.1. CNR DT200/2004 
 
Approach 1 – Ultimate design strength for laminate / sheet end debonding 
 
For laminate / sheet end debonding, assuming that the provided bond length 
is equal to or larger than the optimal bonded length, the ultimate design strength, 












  (5.35) 
 
where: d,f  is partial safety factor; 21.d,f   for precured FRP laminates 
and 5f 1.d,   for cured in–site sheets, 51.c  . 
 
For bond lengths , the ultimate design strength shall be reduced 

















lff 2  (5.36) 
 
When the special anchoring devices (FRP transverse bars, U-wrap with FRP 
sheets, etc.) are used, the maximum design strength must be evaluated directly 
with ad-hoc experimental tests. 
 
Approach 2 – Ultimate design strength for intermediate debonding 
 
To prevent failure from IC mechanism, the stress variation f  in the FRP 
system between two subsequent cracks should not exceed the limit R . The 
later value typically depends on the characteristics of bond between concrete and 
FRP, the distance between cracks in the concrete, and the level of stress f  in 
the FRP reinforcement. 
 
Alternatively, a simplified procedure may be used. The maximum strength 













  (5.37) 
 
where:  if specific data is not available. 03.kcr 
 
The corresponding value of the design strain, fdd , in the FRP system can be 






f 2  (5.38) 
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5.6.2. CNR DT200/2013 
 
A new version of the Italian guidelines, CNR–DT 200 R1/2013, has been 
recently published. It provides new equations that can improve the model 
accuracy. Among the others, a new equation for computing the fracture energy, 
which has different values, depending on the material used, the effective bond 
length, and the FRP–concrete strength is provided. The maximum stress  
that can be carried by the composite preventing the end plate debonding 




























 2  (5.40) 
 



















b  (5.42) 
 
where:  in case of pre–impregnated laminate, and 0230.kG  0370.kG   in case 
of post–impregnated sheet.  is an additional safety factor. In order to avoid 
the intermediate crack–induced debonding failure, the maximum FRP stress 

















  (5.43) 
 
where:  is an empirical coefficient equal to 0.10, and  for 
distributed load, and  in all other cases. The CNR–DT 200 R1/2013 

































Gf 2  (5.45) 
 
where:  is the ultimate slip between the FRP and the concrete 
support, and 
250.su 
Rd 251.  is a modification factor. 
 
5.7. Swiss guide SIA166 2004 
 
5.7.1. Strengthening with non–prestressed FRP laminates 
 
SIA166 2004 proposes the following three steps design concept for flexural 
strengthening of RC beams with EB FRP reinforcement: 
1. Strip end failure (Approach 1) 
2. Tensile force change (Approach 2) 
3. Local debonding at flexural cracks (Approach 3) 
The first design level considers the strain pattern in the FRP laminate along 
the structure for the assumed load according to in Fig. 5.2. The strain pattern 
corresponds to the ordinary cross-section analysis at the regular distance (length) 
along the member. 
There are three main locations to be considered in the design analysis 
(Fig. 5.2): 
1. location of the last crack (the closest to the support), 
2. location of internal steel yielding reinforcement, 
3. maximum FRP strain. 
The most popular research based on the 4-point bending beam, hence the 
selected points are easy to define. For the distributed load the situation is more 
complex and then the lengths of ,  and crl yl x  can be determined from the 
locations of the characteristic points. Based on the above mentioned information, 
the following design procedure should be performed: 
 
Approach 1 - Ultimate design strength for laminate end debonding 
 
To save the end FRP debonding, the SIA166 2004 code requires to limit the 
force in FRP laminate at the last crack  to the anchorage resistance of this 
strip : 
crF
lRF fffrcr,fcr tbEF   
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 bablRcr llFF   (5.46) 
 
 babs,lRcr llFF   (5.47) 
 
 fffflR tEGbF 2  (5.48) 
 
 mean,ffbs,lR blF   (5.49) 
 
The effective bond length  and the active bond length  at the FRP end 
can be calculated as: 
bl bal
 














  (5.52) 
 
where:  is the distance between the end of the strip and the support (Fig. 5.2); 
 is the maximum slip 
sel
max,fs mm.s max,f 20  for the CFRP strip 
( ,GPaE f 150 mm.t f 21 , 25 MPafck 50MPa  ). 
 
The fracture energy  for pull-off tests on CFRP laminates depending on 




 41320180 maxckf df.G   (5.53) 
 
Approach 2 - Ultimate design strength for tensile force change  
 
The maximum global bond shear stress should be limited to: 
 
 clim,fmax,gl,f .  52  (5.54) 
 




The maximum global bond shear stress occurs in the cross-section of the 
internal reinforcement yielding (Fig. 5.2), while the global bond shear stress is 
limited to: 
 
 cklim,f f.750  (5.56) 
 
However, according to research by Aram et al. (2008), the global bond shear 
stress should be limited to a more conservative value: 
 
 ctmlim,f f  (5.57) 
 
 
Fig. 5.2. Bending moment envelope, FRP strain and bond shear stress 
distribution in a point loaded beam strengthened with EBR laminates 
(Czaderski, 2012) 
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Approach 3 - Ultimate design strength for local intermediate crack debonding  
 
This approach gives the strain limitation of the EBR FRP laminate according 
to: 
 
 ‰lim,fmax,f 8   and fumax,f    (5.59) 
 
5.7.2. Strengthening with prestressed FRP laminates (Gradient method) 
 
An RC member flexurally strengthened with the linear force gradient is 
presented in Fig. 5.3. The design procedure based on the full bonded FRP length 
published in Michels et al. (2012b). 
 
 




The same procedure based on the cross-section analysis for the first crack 
position is assumed as presented in 5.2. 
 
Approach 1a - Ultimate strength for laminate end debonding - last crack 
outside of gradient anchorage 
 
In this approach the force increase in the strip due to loading Fcr at the last 
crack is smaller than the anchorage resistance of the strip FlR . 
 
 IRcrIRpcrp FFFFFF    (5.60) 
 
 babIRcr llFF   (5.61) 
 
 babs,IRcr llFF   (5.62) 
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Approach 1b - Ultimate strength for laminate end debonding - last crack 
inside the gradient anchorage 
 
This design approach is shown in Fig. 5.4. 
 
 
Fig. 5.4. Design concept for prestressed externally bonded FRP strip anchored 
with the gradient method. 
 
The force increase in the strip due to external loads crF  at the last crack 
cross-section should be smaller than the reduced anchorage resistance at this 
location: 
 
 babred,IRcr llFF   (5.63) 
 
 babred,s,IRcr llFF   (5.64) 
 

































222   (5.66) 
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Approach 2 - Ultimate design strength for tensile force change  
 
In most cases the anchorage gradient is located outside the region where the 
internal steel reinforcement is yielding, hence the design procedure should be 
followed according to the Approach 2 in Chapter 5.7.1.  
However, if the anchorage gradient is located in the steel yielding, the bond 














f   (5.68) 
 
Approach 3 - Ultimate design strength for local intermediate crack debonding  
 
To avoid local debonding of the prestressed PEBR at flexural cracks, the 
additional strain in the strip due to the external loads should be limited to: 
 




 fpfumax,f    (5.70) 
 
5.8. German simplified method DAFStb (2014) 
 
The CFRP strain approach has to meet the condition of the end anchorage at 















































  (5.71) 
 





The parametric study needs to meet certain boundary conditions: 
1. the CFRP strip should be located not farther than 50mm from the front edge 
of the support, 
2. the ribbed internal reinforcing steel is needed, 
3. the internal reinforcing steel is not curtailed, 
4. the tensile concrete strength correlates with the compressive strength, 
5. only reinforced members are considered, whereas prestressed structures are 
exluded from the analysis, 
6. the strengthening is provided for positive moments (span moments). 
 
With uniformly distributed loads it can be assumed that if the conditions 
from 1 to 3 are not fulfilled, the simplified analysis also lies on the safe side, 
with an additional check of the end anchorage and the associated checking of the 
initial increase in the strip tensile force envelope. 
The correlation between the tensile and compressive strength of the concrete 
mentioned (4th condition) is achieved by adapting the concrete compressive 
strength according to (5.71) equation to the near-surface tensile strength 
determined as: 
 
 32260 cmsurfx,ctm f.f   (5.72) 
 
The simplified method cannot be applied for the prestressed members 
because in some circumstances prestressing can significantly change the 
distribution of the strains over the cross-section. 
The strengthening in hogging moment regions, in the continuous RC 
members cannot be designed with this method because there is an unfavourable 
relationship between moment and shear force. In addition, this method assumes 
that a member is cracked at the ultimate limit state. 
 
5.9. The comparison of design approaches 
 
The comparison of FRP axial stiffness-strain relationship for simplified 
chosen theoretical models corresponding to IC debonding approach (Fig. 5.5) 
confirms similar tendency of the reduction in the bond FRP strain with the 
increase in the stiffness of the EB FRP reinforcement. The following 
assumptions were taken for analysis: mmbf 50 , mmbc 150 , , 
. It should be emphasized that FRP stiffness is much more 
effected by FRP thickness  than the elasticity modulus . This problem was 
analysed in Chapter 3 (Fig. 3.4) in the aspect of effective bond length . It is 
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comparison with rigid CFRP pre-cured laminates. It is a well known rule, based 
on the axial stiffness  ff tE  of the FRP externally bonded reinforcement, that 
with the increase in the FRP thickness and its modulus of elasticity  the bod 
strain decreases. For one type of FRP reinforcement, e.g. CFRP materials, the 
elasticity modulus varies from 165PGa to 220MPa, whereas the thickness varies 
from 0.165mm to 1.4mm, which gives 8.5 times higher difference. This is why 
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Fig. 5.5. The comparison of theoretical models recommendation for predicting 
IC FRP debonding strain 
 
A similar comparison of design FRP axial stiffness-strain relationship, 
according to the design guidelines described in this Chapter, is shown in Fig. 
5.6.  
The ACI 440-2R-08 gives the highest bond stain mainly for lower values of 
, whereas and Swiss SIA166, German DAFStb (2014) and British TR55 
standards propose stable strain bond limits in the range ‰
ff tE
06. ‰. It  fdb 58.
Renata Kotynia 
seems tendency to increase the FRP bond strain limits in the new versions of fib 
Bulletin 90 (2019) and CNR DT200/2013 in comparison with the corresponding 
previous versions fib Bulletin 14 (2002) and CNR DT200/2004. However, to 
avoid the intermediate crack debonding, the unconservative FRP limit 
debonding strain in the range of ‰06.  fdb 58. ‰ is proposed by Swiss 
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Fig. 5.6. The comparison of design models recommendations for predicting IC 
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6. Advanced design models  
 
6.1. Accurate analysis of bond strength according to DAFStb 
 
The design methods presented in DAFStb (2014) and Zilch et al. (2014) for 
flexural strengthening with externally bonded FRP materials can be performed 
in two ways: 
– a simple analysis based on basic approaches regarding only the ultimate 
strain in externally bonded reinforcement in addition to performing the end 
anchorage analysis is not recommended by DafStb (2014) for designing EB 
FRP strengthening but only for accuracy or economic purpose, 
– the accurate method based on the analysis of bond strength transmission at 
the segments of the RC member between cracks so-called intermediate crack 
element method (ICE) is recommended by DAFStb (2014). 
 
The simplified methods are described in Chapter 5 according to several exist-
ing design codes. The accurate method referring only to CFRP (carbon fibre 
reinforced polymer) strengthening materials is presented in this Chapter . 
 
A scheme for the analysis of flexurally strengthened RC members with EB 
CFRP materials is described in details in Chapter 3. This concept is based on the 
major flexural analysis of conventional failure modes: 
– in the concrete compression (due to concrete crushing), 
– in the internal steel reinforcement (due to steel yielding or rapture), 
– general shear failure mode if the load bearing capacity of an existing member 
is high.  
Then variable bond failure modes of externally bonded reinforcement to con-
crete should be analysed very carefully, considering the following aspects: 
– steel yielding of the internal reinforcement followed by failure of EB lami-
nates, 
– concrete cover separation failure, referring to the end of the FRP debonding 
due to additional, vertical, offset between the shear FRP–concrete links, 
when tensile stress from the laminate cannot be transferred to the RC beam, 
– horizontal shear failure in the interface between the EB FRP reinforcement 
and the internal reinforcement, 
– bond failure between the adhesive and concrete, when the concrete layers 
near the concrete-adhesive interface exceed the tensile concrete strength, 
– due to variable tensile strength of concrete layers near the adhesive, follow-
ing the local CFRP debonding, bond between the CFRP reinforcement and 
concrete cannot be transferred by any remaining areas of intact bonding 
(called the unzipping effect). 
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6.1.1. Curvature effect on the bond behaviour 
 
The analysis of bond should be considered in several stages referring to the 
accuracy requirements. However, the CFRP end anchorage analysis is required 
at every stage. CFRP–to–concrete bond behaviour is under special considera-
tion. When it comes to EB CFRP strengthened RC members, in which the ten-
sile force in the FRP reinforcement can not be anchored, the increase in the bond 
is rather impossible. The research on flexurally strengthened RC members indi-
cates that much higher laminate forces can be reached at the maximum bending 
moment region that at the end anchorage. As far as CFRP laminates are con-
cerned, only the end anchorage analysis gives uneconomic strengthening solu-
tions. However, the transfer of the bond force should be considered at the point 
at which the changes in tensile force occur (Fig. 6.1). 
 
 
Fig. 6.1. Bond force transfer with externally bonded CFRP reinforcement 
(Zilch et al., 2014) 
 
For this reason two approaches must be analysed: 
– the end anchorage region 
– the rest part of the member. 
The laminate forces at the flexural crack nearest the point of contraflexure 
must be anchored at the end of the anchorage point. The bond forces at the end 
of the anchorage zone of the CFRP reinforcement can be determined from the 
pull-out anchorage bond tests. 
The curvature effect investigated by Zilch et al. (2012) and Finckh and Zilch 
(2012) enabled testing different parts of the beam, while on the remainder a 
bond break-up was prevented by actively pressing onto the strip (Fig. 6.2). 
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Fig. 6.2. Test set-up for IC debonding of beams and slabs strengthened with 
VFRP laminates (Finckh and Zilch, 2012) 
 
Through measurements of the CFRP strain the uncoupling of the bond was 
accurately registered. Another advantage of this test set–up was that several 
investigated parts of the beam varying in ratios of shear and bending were per-
formed in a single beam. The beginning of the CFRP laminate uncoupling was 
possible due to the observation of the difference of the CFRP strains at both 
sides of the investigated concrete segment between the cracks turned from in-
creasing to dropping. The uncoupling process was then observed through an 
increase in the sway between the strip and concrete, which in the tests was de-
termined by optical deformation measurements (Fig. 6.3). 
Tests performed on the beams and slabs indicated the positive effect of the 
curvature of the structural RC elements (beams and slabs) on the EB FRP bond 
behaviour to concrete (Fig. 6.4). RC slabs act more favourably than beams. This 
confirms detrimental effect of the larger deflection curvature in the slabs than that 
in the beams. Moreover, this positive curvature effect creates a self-induced con-
tact pressure in comparison with the contact pressure investigated by Husemann 





Fig. 6.3. The effect of the self induced contact pressure on the CFRP-strip 
stress at the IC debonding (Finckh and Zilch, 2012) 
 
 
Fig. 6.4. The comparison of CFRP strain-deflection responses for EB CFRP 
beam and slab (Finckh and Zilch, 2012) 
 
6.1.2. Flexural strength analysis 
 
The flexural strength analysis can be carried out similarly to an RC member 
with assumption of the cracked cross-section. 
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 EdRd MM,M  0  (6.1) 
 
 EdRd NN,N  0  (6.2) 
 
The general equations used for conventional RC memebrs should be 
extended with the CFRP reinforcement according to Fig. 6.5. Then the equations 
1 and 2 can be expressed by: 
 
 dsdsLdcdRd FFFFN 21   (6.3) 
 





Fig. 6.5. Geometry, strain and stress distribution, and internal forces of a 
strengthened and preloaded RC cross-section (all measurements used 
in equations are in mm) (Zilch et al., 2014) 
 
The moment resistnce of the cross-section converted to the axis of the CFRP 
reinforcement and to the axis of the compressive concrete force can be calcu-
lated in the following way:  
 












where: , , ,  are: the concrete compressive force, tensile force 
in CFRP reinforcement, force in tensile and compressive reinforcement, respec-
tively;  is the concrete coefficient (referring to the magnitude of the compres-
sive force in concrete) calculated from: 
cdF
ak









































































  (6.9) 
 
The compression zone depth can be determined on the basis of the CFRP 
strain L  and the compressive concrete strain c  considering the prestrain of the 













 LudLLLLLd fAEAF    (6.11) 
 
 ydssssds fAEAF 1111    (6.12) 
 














 22   (6.15) 
 
Geometry parameters are presented in Fig. 6.5. 
Based on the iteration process of the CFRP strain: sudLudL   , the com-
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6.1.3. Accurate method for IC FRP debonding 
 
The more accurate method is fully adapted from DafStb (2014). This ap-
proach is based on the transfer of the bond force at the concrete element between 
cracks (Fig. 6.1). 
The source of this model was proposed in the fundamental bond-slip ap-
proach proposed by Niedermeier (1997), then the ideas was continued by 
Neubauer (2000), who proposed a solution for the bond force transfer at the 
element between cracks. The transfer of the bond force across the elements be-
tween cracks is determined by subdivision of the RC member into several ele-
ments by means of flexural cracks position.  
Two main regions are considered in this analysis: 
– the end of CFRP anchorage region, 
– the rest of the RC member. 
The laminate forces at the flexural crack closest to the support must be an-
chored at the end anchorage point. The bond forces that can be accommodated at 
the end anchorage zone are determined by so–called idealized end anchorage 
tests, in which the externally bonded reinforcement is peeled off in the longitu-
dinal direction. According to Fig. 6.1, the bond forces can be transferred to con-
crete elements separated by flexural cracks. The forces in the concrete segment 
divided by the cracks consist of the basic CFRP force at the less heavily stressed 
crack edge and the additional force at the more highly stressed crack edge. This 
additional laminate force must be transferred into a member via bond.  
On the basis of the mechanics derivation (Niedermeier, 1997; Neubauer, 
2000; Finckh, 2012) the expressions for the bond analyses given in the guideline 
dependent on the bond coefficients of the extended bilinear bond stress–slip 
relationship are shown in Fig. 6.6. 
 
 





The extended bilinear bond stress–slip model for externally bonded CFRP 
laminates is specified by the following equations: 
 
 surf,ctmctcmcckL ff,  36601   (6.16) 
 
 mm,s kL 20100   (6.17) 
 





The bond characteristics (Fig. 6.6) considers the influence of the long-term 
durability of concrete by the coefficients cc  and ct  (according to DIN EN 
1992-1-1 and National Annex DIN EN 1992-1-1/NA). 
 
Crack spacing analysis 
 
The crack spacing is the one of the most important parameters taking the 
more accurate bond analysis or intermediate crack element (ICE) analysis into 
account. A simplified way of calculating the mean crack spacing  for a stabi-
lized crack pattern is based on the following assumption: 
rs
 
  (6.19) 051 ,er l,s 
 
where:  is the transmission length of the reinforcing steel, which is deter-







Ml 0  (6.20) 
 
where:  is the cracking moment;  is the mean bond force;  crM bsmF h.zs 850









   (6.22) 
 
0,cW  is the section modulus of uncracked concrete cross–section (moment of 
inertia divided by the distance of the extreme tensile fibre from the neutral axis). 
The mean bond force is determined as: 
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where:  and i,sn i  are the number and diameter of the steel bars;  is the 























where: the bond coefficients for internal reinforcement for the end anchorage 
analysis at the flexural crack nearest to the point of contraflexure can be taken 
from Table 6.1. 
 
Table 6.1. Bond coefficients for internal reinforcement reffering to the end 
anchorage analysis 
Internal reinforcement Ribbed Plain 
kb1  2.545 1.292 
2b  1.0 1.3 
3b  0.8 1.0 
4b  0.2 0.3 
 
The accurate analysis of a concrete element between cracks 
 
The accurate analysis (called detailed analysis) of a concrete element 
between cracks requires calculating the change in CFRP force LEdF  in the 
segment between cracks that must be smaller than the change in force that can 
be accommodated by bond: 
 
 LRdLEd FF    (6.25) 
 
    xFsxFF LEdrLEdLEd   (6.26) 
 
The force in the segment between cracks LEdF  depends on the laminate 
force at the less heavily–stressed crack edge  xFLEd , which depends on the 
bending moment in this section. The total change in the CFRP laminate force 
LRdF  consists of three effects:  
– the component from the bilinear bond stress–slip relationship BL,FLkF  (Fig. 6.7), 
– the component from the additional frictional bond that occurs when CFRP 
started Bf,FLkF  (Fig. 6.8), 
– the component of the curvature effect by bearable CFRP-strip stress 













  (6.27) 
 
where: BA  is a safety coefficient. 
 
 
Fig. 6.7. Bond force transfer at ICEs for CFRP laminates BL,FLkF , (Finckh 
and Zilch, 2012) 
 
 
Fig. 6.8. The relationship of the bearable and frictional components of CFRP 
strip–stresses at the ICE , (Finckh and Zilch, 2012) BF,FLkF
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Fig. 6.9. The total change force in CFRP LF  in the function of the force in 
the laminate at less heavily stressed crack edge (Zilch et al., 2012) 
 
The first component BL,FLkF  of the the bond strength from the bilinear bond 
stress–slip curve is divided into two parts by point D (Fig. 6.7). The first part of 
the curve from point G to point D is the linear function correspponding to the 
range over which the required transfer length of the bilinear bond stress–slip 
model is greater than the length of the element between cracks . The bond 




































































































2  (6.31) 
 
The effective bond length  required for this can be determined via the 
bond parameters of the bilinear bond stress–slip relationship and the empirical 
calibration coefficient 
max,bLl











  (6.32) 
 
The second component of frictional bond between the debonded laminate and 


































































  (6.33) 
 
The third component  depending on the curvature of the RC 
member proposed by Zilch et al. (2010) was the first to investigate and quantify 
this effect. A convex curvature deflection causes a change in direction at each 
concrete element between cracks, which therefore leads to a self–induced 
contact pressure. This contact pressure on the EB FRP reinforcement brings 
about an increase in the bond strength.  
KF,FLkF





sF 11    (6.34) 
 
where: 1cr  and 1Lr  are the concrete and CFRP laminate strains, respectively; 
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The accurate analysis of the concrete element between cracks is not suitable 
for manual calculations because the critical cross–section is not easy to define 
for the design purpose. However, this complex analysis is relatively well–suited 
to computer calculations because case distinction is hardly necessary. 
 
The simplified analysis of an element between cracks 
 
A simpler approach for the bond analysis proposed in the DAfStb (2014) is to 
limit the change in the FRP force according to Fig. 6.10. 
 
 
Fig. 6.10. The scheme for simplified analysis of ultimate FRP strain and change 
in the FRP force in concrete segment between cracks (Zilch et al., 
2012) 
 
The strain in the FRP must not exceed the minimum of 0.01 and fbd Ef  at 
any point. The elements between cracks appear at the maximum moment and 
extend to the last crack which is closest to the point of zero bending moment. 
 
The simplified analysis requires to verifying if the change in the strip force 
does not exceed a constant resistance value at any point in the member. This 
resistance value, limited by the dotted line corresponding to the limit of the FRP 
force increase, can be determined in the numerical approach to the more 
accurate method. Because of this complexity disadvantage, the principle of 
superposition is no longer valid. But the model can also be simplified by using 
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the following equation for the bond resistance to FRP force difference in the 

















  (6.35) 
 
were: factor 2000h  for RC members and 0h  for prestressed concrete 
members, which has the influence the curvature. 
 
6.1.4. End anchorage analysis 
 
The analysis of the end anchorage is the second required condition after the 
analysis of bond at the concrete segment between cracks. The end anchorage 
analysis can be performed in three different ways: 
1. End anchorage analysis at flexural crack nearest to the point of contraflexure 
2. Anchorage analysis at the arbitrary concrete element between cracks 
3. End anchorage analysis with the shear wrapping 
 
End anchorage analysis at flexural crack nearest to the point of contraflexure 
 
 
Fig. 6.11. Scheme for analysis of the end anchorage of EB CFRP reinforcement 
at flexural crack nearest to the point of contraflexure (Zilch et al., 
2012) 
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The analysis at the flexural crack closest to the point of contraflexure repre-
sents the standard case shown in Fig. 6.11. In this case, the moment acting at this 
flexural crack must be lower than the resistance of the cross–section taking the 
“shifted curves” into account. 
The resistance of the cross–section is determined on the basis of the bond 
conditions, which consider redistribution between the EB FRP reinforcement 
and the internal reinforcement. Considering the different bond behaviour and 
depending on the strain state of the EB FRP reinforcement, a different 
distribution of the forces between various lines of reinforcement occurs, which is 
presented in Figures 6.11, 6.12 and 6.13. 
The analysis is carried out at the position of the flexural crack nearest to the 
point of contraflexure. As the analysis considers the interaction of the lines of 
reinforcement, it includes the acting moment and the moment that can be 
accommodated by the crosssection according to the formula: 
 
  bLRdEd lMM   (6.36) 
 
The admissible moment is determined depending on the strains in the lines of 
reinforcement using the formula:  
 













 11   (6.37) 
 
This sufficiently extends anchorage length for the steel reinforcement. 
The strain in the strengthening element depending on the bond length avail-








































2  (6.38) 
 
where: the effective bond length  and the maximum strain  can be 































  (6.42) 
The strain in the reinforcing steel is calculated depending on the slip of the 
strip , the bond factor Lrs bsk  and the weighting of the different lever arms. 
 
































  (6.43) 
 
where: 250.N   for ribbed reinforcement and 0N  for plain reinfocement; 
1VB  for good bond conditions and 70.VB   for moderate conditions; other 
coefficients are taken from Table 6.1. 
 































































   (6.45) 
 
Anchorage analysis at an arbitrary concrete element between cracks 
 
In the second way of carrying out the end anchorage analysis at the segment 
between cracks in RC members with the low tensile concrete strength, the 
flexural crack closest to the point of contraflexure is located very close to the 
support. In this analysis, externally bonded reinforcement has to be anchored at 
an arbitrary element between cracks similarly to the analysis for the conctere 
segment between cracks shown in Fig. 6.12. 
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Besides considering shifting of the curves, the cross–section between the 
support and the element between cracks must have sufficient load carrying 
capacity even without externally bonded reinforcement. It is clear that the last 
element between cracks must be checked to ensure that the acting FRP force 
without redistribution  is less than the bond resistance at the idealized end 




  (6.46) bLRdLEd FF 
In this analysis, the last concrete segment between cracks may be positioned 
at the end of the strip and may have a length corresponding to the crack spacing: 
 
  (6.47) 051 ,er l,s 
 
 
Fig. 6.12. Scheme for analysis of  the end anchorage of EB CFRP reinforce-
ment at an arbitrary concrete element between cracks (Zilch et al., 
2012) 
 
The resistance to debonding at the last segment between cracks is similar to 
that tested on the idealized end anchorage body and evaluated on the basis of the 
bilinear bond stress–slip relationship. Therefore, the bond resistance can be 
calculates as: 
 
  rbLdLLbLRd sftbF   (6.48) 
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  (6.52) 
 
End anchorage analysis with shear wrapping 
 
 
Fig. 6.13. The scheme for the analysis of  the end anchorage of EB CFRP rein-
forcement with shear wrapping (Zilch et al., 2012) 
 
The third way of end anchorage analysis with the shear wrapping is needed to 
design the shear strengthening or to avoid a concrete cover separation failure, 
and to increase the bond force (Fig. 6.13). The concept of increasing the bond 
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force as a consequence of shear wrapping was proposed by Husemann (2002) 
The resistance at the end of the shear wrapping is compared with the shifted strip 
force envelope. The increase in the bond force due to the shear wrapping  
is added to the end anchorage force of the CFRP segment beyond the shear 










 1  (6.53) 
 
 





























fbbtF   (6.54) 
 
where:  is the width of the transversal shear strap; the contact pressure Lwb
 buF   and the factor I  to take into account the form of the wrapped strip 















  (6.55) 
 
To calculate the contact pressure, a distinction is made between the contact 
pressures  and , which are always formed by the two geometric limit 






Fig. 6.14. RC cross section beam with EB CFRP strip and shear wrapping 
(Zilch et al., 2012): a) detail A, b) detail B 
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Interpolation between two limit cases (according to formula 6.55) is possible 
depending on the geometry factor 8040 .bb. WLb  . 
The contact pressures depend on the stiffness of the shear wrapping in all 
cases. It is therefore necessary to calculate the stiffness of the shear wrapping 
first, which is generally made up of two L–straps and one closure piece bonded 
with adhesive (Fig. 6.14) corresponding in further analysis of two cases: 




This case consists of two bonded L–straps (Fig. 6.14.a) 
Stiffness analysis should be determined as: 
 








This case consists of two bonded L–straps and one closure piece (Fig. 6.14.b) 
 
   SSB,SSSSB,S IEzAIEEI  22  (6.58) 
 
 01.tz LwB,S   (6.59) 
 
Using these variables it is now possible to determine the contact pressures for 
the two limit cases corresponding to coeficcient: 40.b   and 0.8. 
The contact pressure for limit case 40.b   can be calculated as: 
 






























20301  wb.l  and 402  wbl . 
 



















































 240  (6.63) 
 

































































 280  (6.66) 
 
This results in the lengths: LWtl  203  and 34 2ll  . 
The crack width for CFRP strips is then 350.w  . 
 
6.2. Fundamental mechanics model 
 
The mechanics of a displacement based on three–dimensional partial–
interaction moment–rotation model was proposed by Oehlers et al. (2015) to 
determine two distinct but interacting forms of flexural IC debonding. Accord-
ing to possible failure modes (described in details in Chapter 3), two of them are 
considered in this analysis: 
– plate end debonding – PED, 
– intermediate crack debonding – ICD. 
The IC debonding initiates at the maximum bending moment region in the 
vicinity of the flexural crack in the interface shear between the FRP laminate 
and the concrete. This mode of debonding is strongly affected by the interface 
shear stress   and the normal stress   in the interface of the FRP and concrete 







Fig. 6.15. Types of debonding mechanisms (Oehlers et al., 2015) 
 
There are two approaches to be considered in the analysis of the flexural IC 
debonding. 
1. Local segmental IC debonding at concentrations of the beam rotation. The 
maximum force in the FRP reinforcement  and, consequently, the maxi-
mum strain 
ICP
IC  are limited by the bond-slip properties between the FRP re-
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2. Global member IC debonding is based on the progressive IC debonding 
along the beam after local segmental debonding. The deboned FRP in the 
central region acts as an FRP prestressing tendon (attached at its ends to the 
concrete substrate), in contrast to the FRP reinforcement, with a prestressing 
force . ICP
For general cases the example based on the single span beam is analyzed. For 
this approach the half span of the RC beam strengthened with externally bonded 
laminate bonded on the length of  is considered. The beam loaded with dis-
tributed load is subjected to the bending moment shown in Fig. 6.15. 
pL
There are several possible IC debonding mechanisms shown in Fig 6.15 a–e. 
The first one (a) starts at maximum bending moment and  then propagates to-
wards the support. The IC debonding mechanism is similar to the pull-out test 
with the FRP laminate bonded to a concrete block over the long distance (Fig. 
6.15.c). If the tensile force P  in the FRP laminate exceeds the bond force , 
the slip of the FRP reaches the maximum slip capacity 
ICB
max . Then the force at 
the FRP end leads the IC debonding, corresponding to  and the FRP strain 
reaches 
ICP
IC  with the extension maxpdb   . 
If the FRP is pulled further, the bond force remains at . Hence the force 
in the FRP remains as  and the extension is then a sum the extension of the 
debonded region  (with the FRP strain 
ICB
ICP
pdbL  IC ) and that of pdb . If the FRP 
debonding reaches the full its length (Fig. 6.15.e), the extension of the FRP is 
pICmax L  . 
The mechanics based generic model can be used for designing flexurally 
strengthened RC members with EB FRP laminates directly or to improve the exist-
ing design techniques. This general model can be adopted for new techniques such 
as for new FRP reinforcement with new bond characteristics. 
 
Segmental debonding mechanisms  
 
 
Fig. 6.16. Bilinear (elastic-softening) law at the FRP-to-concrete interface 
(Oehlers et al., 2015) 
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The shear stress-slip    FRP-to-concrete bond characteristics depends on  
the interface slip along the sliding plane   (Fig. 6.16). This debonding affects 
the behaviour of FRP strengthened RC beams but generally not in a detrimental 
way, as will be further explained. 
 
Multiple crack segment debonding  
 
The analysis considers a segment of a beam limited by two adjacent flexural 
cracks at spacing “S” and within a constant moment region (Fig. 6.17). 
 
 
Fig. 6.17. Segmental multiple crack debonding (Oehlers et al., 2015) 
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The Euler-Bernoulli displacement is applied to the sides of the segment 
whose each side rotates from G-G to H-H to cause a rotation   (Fig. 6.17). This 
induces a tensile force in the steel reinforcement  and in the FRP plate, which 
causes the reinforcement slip in relation to the crack face by 
rtP
rt  and p . The 
crack width w at the level of the steel reinforcement is rt2  and that at the plate 
p2 . As the segment is symmetrically loaded, the behaviour on both sides of the 
segment has the identical values. With gradual increase in   rotation angle, the 
gradual slip along the FRP laminate increases along the segment length until it 
reaches D-C-O position, which corresponds to the slip at the crack face p  at 
point D that is the maximum bond slip to transfer shear for the slip pmax , that 
is max  in Fig. 6.17.c for the FRP-to-concrete bond-slip characteristics. When 
pmax  is achieved at point D (Fig. 6.17.c), the shear stress distribution shown 
as D-C-O in Fig. 6.17.d is fully developed so that the integration of the shear 
stress distribution D-C-O over the surface of the half length of segment 2S  
gives the maximum bond force . pmaxB 
If the slip increases to E-B-A-O, the region where the slip is greater than 
pmax  (that is E-B), the shear stress goes to zero. Then the region is debonded, 
as it is shown as  in Fig. 6.17.d. The shear stresses B-A-O are then concen-
trated over a smaller length, so that the bond force 
dbL
B  is reduced from . 
Further increase in slip causes the bond force 
pmaxB 
B  and the bonded region in 
Fig. 6.17.e tends to zero. However, it can be seen that this form of debonding 
does not limit the force in the reinforcement , irrespectively of a type of rein-
forcement. This form of debonding is important in terms of tension stiffening 
but not as far as the ultimate strength is concerned. 
pP
 
Single crack segment debonding  
 
If the single crack is considered in a constant moment region (Fig. 6.18.a), 
the Euler-Bernoulli displacements H-H cause a crack width at the level of the 
steel reinforcement and FRP reinforcement of rt2  and p2  respectively, where 
rt  and p  are the slips of the reinforcement relative to the crack faces, which 
occur at forces  and , respectively, as it is shown in Fig. 6.18. rtP pP
If the rotation angle   increases (Fig. 6.18.a), the FRP laminate slip at the 
crack face p  increases to pmax  (Fig. 6.18.b), which allows the bond stresses 




Fig. 6.18. Segmental single crack debonding 
 
The integration of this fully developed bond stress distribution over the 
bonded surface area gives the maximum bond force . Consequently, the 
maximum force the reinforcement can resist at the IC debonding  corre-
sponds to the strain in the reinforcement equal to 
ICB
ICP
IC . The minimum length of 
the FRP reinforcement required to develop  is referred to the critical length 
 (Fig. 6.18.c), which is the minimum crack spacing. Any increase in 
ICP
critL p  
above pmax  causes a rigid body movement of the stress block from A-B-C to 
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D-E-F position (Fig. 6.18.c) that results in FRP debonding length , whilst the 
reinforcement force remains constant at . This is a stable form of debonding, 
which leads to stable rotation and ductility. 
dbL
ICP
On the basis of the analysis of two segmental debonding mechanisms de-
scribed in this section (named as multiple and single crack segment debonding) 
the IC debonding strain IC  is very sensitive to the crack position and the bend-
ing moment distributions. 
 
 
Fig. 6.19. Member passive prestress debonding mechanism 
 dbICpmaxpdb L    (Oehlers et al., 2015) 
 
For practical purposes, stable behaviour of the cracking pattern and stable 
ductility of the RC beams is assumed with the limit of the FRP strain to the safe 
value corresponding to the IC debonding.  
The applied bending moment along the beam’s length causes deformations 
associated with a single crack (presented in Fig. 6.19.a). If the tensile force in 





When the FRP laminate starts to debond, the distance  between sections 
A-A and B-B is completely detached from the RC member so that the FRP lami-
nate does not act as the external reinforcement. However, it acts in transfer of 
the tensile force  as an unbonded prestressing external tendon along the line 
of the FRP laminate (Fig. 6.19.d). 
dbL
ICP
This prestressing force (called passive prestressing ), in the absence of 
mechanical anchorage equals to  value. The aim is to find the moment dis-
tribution that causes FRP debonding on the length . The force  in the IC 






 . Hence the material exten-
sion of the tendon within  is equal to dbL dbIC L  and the total extension between 
sections A-A and B-B, due to the FRP material extension and bond slip, is calcu-
lated as: 
 
 dbICpmaxpdb L    (6.67) 
 
If the concrete strain in the bottom surface of the beam is RC , then the total 
strain over length  gives the deformation of the RC beam at the level of the 
FRP plate 
dbL
RCdb  that can be calculates as: 
 





A segment between adjacent cracks of length  is similar to that of the 
multiple crack segment (Fig. 6.20) except the FRP laminate that is replaced by a 
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The results from the moment-rotation ( M ) analysis of a passively 
prestressed segment are shown in Fig. 6.21.a, where  is the ultimate mo-
ment of the passively prestressed segment. Based on the curvature 
ppuM 
defL  , 
the required bottom concrete strain RC  can be calculated as: 
 
  NApRC dd    (6.69) 
 
The calculations are repeated by extending  until the maximum moment 
capacity of the passively prestressed RC beam according to the moment distribu-
tion 3-3 until the moment  (Fig. 6.18.a), which corresponds to the length 
of the debonded distance equal to . Then the extent of the FRP bonding 








Fig. 6.21. Behaviour from passively prestressed segment (Oehlers et al., 2015) 
 
This ensures that the full strength of the FRP passively prestressed member is 
achieved. In theory, the falling branch can be taken into account in a collapse 
analysis (Fig. 6.21). 
 
Segmental solutions for debonding  
 
Considering the case of beam strengthened with FRP laminate subjected to 
serviceability loads, two approaches should be considered: 
1) the beam subjected to the serviceability loads prior to strengthening, does 
need considering the residual stresses or deformations in the beam prior its 
retrofitting, however closed flexural cracks are present; 
2) the beam is subjected to loads over its self weight prior to strengthening. 
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IC debonding segmental analysis 
 
Beginning with the single crack analysis of the unloaded RC member by 
strengthening, only one crack can be considered (Fig. 6.17.a). The concrete sof-
tening can be achieved , (  and  are lengths of the segment 
and the length of the wedge), which depends on the depth of the neutral axis 
. Based on the approach by Visintin et al. (2015) with the angle of the 
wedge 
wdgdef LL  defL wdgL
NAd
 26  the length of the segment  needs to meet the following con-
ditions: 
defL
– for the steel reinforcement:  rtcritdef LL 
– for the FRP laminate:  pcritdef LL 
to allow the shear stress distributions and, consequently, IC debonding. 
 
Using the Euler-Bernoulli displacement principle with the rotation angle  , 
prior to flexural cracking and concrete softening due to the formation of the 
concrete wedge, based on a linear strain profile A-B-C, the curvature is calcu-
lated as defL  . From the strain distribution, the stress profile can be de-
rived and then the force distribution along the beam’s height can be calculated 
with the concrete compressive force ; the compressive force in the steel rein-
forcement ; the tensile force in concrete  (can be omitted in practice); the 






 , the neutral axis depth  can be calculated on the basis of the equilib-
rium of the internal forces and the applied bending moment 
NAd
M  (Fig. 6.22.e). 
The flexural cracking occurs when the moment reaches . FIcrM 
After cracking and prior to the formation of the softening wedge, only the 
strain profile A-B can be applied and then the internal forces distribution with 
the neutral axis location (Fig. 6.22.b) can be determined. In the cracked zone 
(B-C), the force in the steel reinforcement and the FRP laminate depends on the 
slip SCrt  and SCp  consequently the SCrtSCrtR    and SCpSCpP   , on 
the basis of the tension stiffening analysis. 
The rotation can be  increased until IC debonding in the FRP or in the steel 
reinforcement. If the IC debonding occurs first, the force in FRP laminate 
reaches  value, which can be determined from the tension-stiffening prin-
ciple. This force occurs when the half crack width at the FRP 
pICP 
pmaxSCp     
for the FRP bond-slip properties (Fig. 6.22.a), achieves IC FRP debonding mo-
ment . pICM
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a) b) c) d) e) f) 
 
Fig. 6.22. IC debonding mechanism 
 
Before the strengthening that is performed in the beam under serviceability 
moment, the half crack width at the steel reinforcement and at the FRP levels 
equals to srvscrt   and srvscp  , respectively. After strengthening and growth 
of the bending moment, the crack width increases by scrt  and scp  in the 
streel and FRP levels, respectively (Fig. 6.22.f). Hence the development of the 
forces in the laminates is delayed behind this one in the steel reinforcement. The 
same refers to the moment at the beginning of the FRP IC debonding that is larger 
than that for the propped construction. It seems that unpropped construction is 
more efficient than a propped one but in the case of ductility it is not approved. 
 
Passive prestressed segmental analysis  
 
Half a segment with the FRP unbonded RC beam along the unbonded FRP 
distance  is presented in Fig. 6.23.a. The half length of the segment  
needs to be as small as possible to confine all of the wedge length . This 
segment is subjected to a prestressing force equal to the IC debonding resistance 
of the FRP laminate  (Fig. 6.23.a). If the prestressing force is first applied 




M  (such a case never occurs in practice) as this is a 
passive prestress, this causes a deformation such as A-A (Fig. 6.23.b). Then 
deformation A-A causing the forces in tensile and compressive reinforcement 
equal to  and  can be determined; in the tensile and compressive concrete 
equal to  ,  and  in the FRP prestressing force (Fig. 6.23.c). This 





pp0  shown in Figs. 6.23. 
After prestressing, the moment is applied by rotating the displacement profile 
from A-A to B-B. When the concrete first goes into tension at the soffit of the 
beam, this gives the moment causing or initiating flexural cracking in this pas-
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sively prestressed member . This is a full-interaction analysis, always 
applicable in the regions of the beam where a full-interaction is obtained from a 
standard moment–curvature analysis. 
ppFIcrM 
When the initial flexural crack crosses the bottom reinforcement level, then 
the force in the bottom reinforcement is no longer dependent on the strain but on 
the deformation analysis. 
When  is the force causing the primary cracks , then the mo-
ment at which this occurs  is the moment of multiple primary crack-
ing from a partial–interaction analysis of a partially prestressed beam. Primary 
cracks occur at the boundary of the partial-interaction region, where there is the 
full interaction. Hence primary cracking occurs at a moment which is at least of 





FIcrM  prPPPI 
When multiple cracks occur with the primary crack spacing equal to , 
then the tension stiffening analysis controls this behaviour. The total deforma-
tion along the line of the reinforcement 
prS
rtin   is the total deformation at all the 
crack faces, so for the specific crack distribution in Fig. 6.23.a 05.n  . The total 
rotation is in , where i  is the rotation of an individual crack face. On further 
application of displacement, the reinforcement force should cause the secondary 
cracks, then the crack spacing is equal to 2prS , as shown in Fig. 6.23.a. Then 
the deformation B-B should be determined as the result of the forces in the RC 
beam (Fig. 6.23.d) that is equal to the prestressing force . ICP
This state corresponds to a rotation angle iimp n   and the depth of the 
neutral axis  until the force reaches . Then the moment of these forces 
about the level of the passive prestress  is the moment 
NAd ICP
ICP M  causing the im-
posed rotation imp . 
 
a) b) c) d) 
 
Fig. 6.23. Passive prestressed segmental analysis (Oehlers et al., 2015) 
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This analysis can be used to plot the moment-rotation response, the moment–
curvature response and the strain variation in the RC beam at the level of the 
FRP laminate (as shown in Fig. 6.21.c), where  is defined as the distance 
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7. Author’s approach to flexural strengthening
7.1. Description of the model 
For the computational analysis of load–deformation of RC elements 
strengthened with the non–pretensioned and pretensioned FRP materials, the 
nonlinear model of RC members by Kaminska and Czkwianianc was used 
(Czkwianianc and Kamińska 1993). This is the cross–sectional analysis referring 
to the pure bending based on the following assumptions: 
– Bernoulli’s plain section principle (Fig. 7.1),
– only normal stress in the section is considered,
– full adhesion between materials (good bond behaviour of steel-concrete and
EB FRP-concrete)
– tension stiffening principle with the assumption that cracks perpendicular to
the axis of a bar are smeared on the pure bending distance,
– non-linear strength characteristics    for the concrete in compression and
tension (Fig. 7.2),
– experimental strength characteristics    for the internal steel
reinforcement and composite (Fig. 7.3).
Fig. 7.1. Strain, stress and forces in the unstrengthened RC member 
The external load is determined on the basis of the criteria for the forces and 














Strength characteristics of concrete 
The strain-stress relationship for concrete is defined in Fig. 7.2 and presented 
by several equations (7.3 – 7.10): 


































  cube,cmcc f.tln..EE 00130015809900  (7.5)
(7.6) 310 1732300034 /cube,ccube,cc ff..E  
   31 106551125000750  .tln.f. mcube,cc (7.7)
  31402 10202000948012440514  .tf.f.. .mcube,ccube,ccu  (7.8) 
   cube,cmc ftln..f 010830  (7.9)
  cube,ccube,ccu f.f.f 38000510  (7.10)
where: 
152 
Author’s approach to flexural strengthening 
cE  is the elasticity modulus of concrete,  
cf  is the compressive strength of concrete,  
cuf  is the ultimate  compressive strength of concrete,  
cube,cf  is the compressive strength of concrete on cubic specimens,  
mt  is the time of stress increase  
Strength characteristics of steel and FRP reinforcement is shown in Fig. 7.3. 
a) b)
Fig. 7.3. Stress-strain response of: a) steel and b) FRP reinforcement 
The load bearing capacity of the non-strengthened element (Fig. 7.1) is the 
bending moment corresponding to the strain pattern, for which the ultimate 
strain in one of materials (concrete or steel) is reached ( ‰.cu 53  in concrete 
or su  in steel). 
In a flexurally strengthened member, intermediate crack debonding of the 
FRP reinforcement, initiated by flexural cracking in the pure bending distance, is 
considered to be the most common failure mode (Fig. 7.4). Therefore, the load 
bearing capacity of a strengthened element is determined for the state of strain of 
the section in which limit strain in one of the materials is reached ( cu  in 
concrete, su  in steel or b,f  in the FRP strip, corresponding to its debonding or 
rupture fu ). 
It is a common practice in design to consider the state of preloading of 
elements before their strengthening. The greater preloading of an element before 
strengthening, the smaller increase of load and possibility of using load bearing 
capacity of a CFRP laminate after its application. 
The preloading state is considered in the current analytical model by the 
concrete strain at the top  and the bottom 'c0 0c  edge of a section, as well as 
the strain in the tensile and compressive steel reinforcement 10s , 20s
(Fig. 7.4). This analytical model has been verified in a large number of tests on 
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RC beams, both non–strengthened and strengthened with CFRP laminates 
(Kotynia, 1999; Kotynia and Kaminska, 2003; Kotynia et al., 2014; Kotynia and 
Lasek, 2018) with a very good compatibility of the results. 
Fig. 7.4. Strain, stress and forces pattern in RC member strengthened with 
non-prestressed FRP material 
Pretensioning of the CFRP laminate is introduced in the model by the 
corresponding concrete strain in compression and tension (  and 'cp cp ,
respectively), and the strain in the CFRP strip fp  (Fig. 7.5).  
Fig. 7.5. Strain, stress and forces pattern in RC member strengthened with 
prestressed FRP material 
The analytical model was used to build the software used to predict flexural 
behaviour of non–strengthened and strengthened RC members, with variable 
FRP materials externally bonded to the concrete surface. The software was 
developed with the part referring to the preloaded state. The software can be 
used for variable shapes (rectangular, T and double T-cross sections, with 
variable accurate concrete, steel and FRP characteristics). Fig. 7.6. shows “step 
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by step” procedure of the calculated analysis with the description of variable 
parameters introduced in the computer software: 
– geometry of the RC cross section; concrete strength characteristics;
preloading bending moment  [kNm]; prestressing FRP strain 0M pt  [‰]
(Fig. 7.6a),
– location of the internal reinforcement in compression and tension zone with
their accurate stress-strain characteristics (Fig. 7.6b),
– location, dimensions of the EB FRP reinforcement with its stress-strain
characteristics (Fig. 7.6c),










Fig. 7.6. cont “Step by step” software procedure 
 
7.2. Comparative analysis of the tested members 
 
The analytical model has been used for calculated analysis of the RC beams 
tested at the Laboratory of the Department of Concrete Structures in Lodz 
University of Technology (Kotynia and Lasek, 2018). The experimental 
programme composed of four rectangular RC beams with 500220 mm cross–
section. The shear reinforcement consisted of 8-mm-diameter steel stirrups with 
150-mm spacing. The beams were casted from commercially-supplied concrete 
of class C30/37. CFRP laminates with dimensions of 100 mm  1.2 mm were 
bonded to the bottom surface of the beams with two epoxy adhesive 
components. The average tensile strength in bending and the compressive 
strength of the adhesive were experimentally determined standard prisms to be 
equal to 23.2 MPa and 57.9 MPa, respectively. 
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Fig. 7.7. Steel reinforcement, strengthening configuration and test set-up 














test  ,f f
[‰] [%] 
B12-asp 4#12 Self-weight; (25) 32.2 53.0 5.20 0.32 ffu 9.30 86 
B12-asp-e 4#12 
Self-weight + external 
preloading; (76) 
41.6 49.0 4.75 0.29 ffu 6.85 69 
B16-asp 4#16 Self-weight; (14) 49.0 74.4 4.80 0.29 ffu 8.00 76 
B16-asp-e 4#16 
Self-weight + external 
preloading; (76) 
51.0 72.0 4.85 0.29 ffu 7.15 71 
pF2  – initial preloading;  – failure load; uF2 %FF up 10022 0   – initial preloading 
level in comparison to the yield strength of non-strengthened beam; p,f , p,f  – 
pretensioning strain and stress in the CFRP laminate during strengthening; test,f – 
maximal CFRP strain registered in the test; tot,f  – total CFRP strain, 
test,ffptot,f   ; fu  – rupture strain of CFRP laminate; f  – utilisation of the 
tensile CFRP strain, %futot,ff 100  ;  – tensile strength of the laminate;fuF
ckf  – cylinder compressive concrete strength 
Renata Kotynia 
The geometry, steel reinforcement, strengthening configurations and test set–
up 
 
are shown in Fig. 7.7. The main test results are summarised in Table 7.1. 
A comparison of experimental and calculated curvature-load curves for the
beams strengthened in flexure with the CFRP laminates, is presented in Fig. 7.8. 
On the calculated graphs, points corresponding to the strain of the strip test,f  
equal to 5.0 and 8.0% have been marked to indicate the CFRP strain range at 
which IC debonding of the CFRP strip from the concrete surface is expected. 
The initial CFRP prestressing strain fp  equals to 5‰, corresponding to 30% of 
the CFRP tensile strength. The simply upported RC beams were investigated in 





Fig. 7.8. parison of the calculated and t st curvature-load graphs for 
 




the RC beams strengthened with prestressed FRP laminates (Kotynia 
and Lasek, 2018) 
Slight differences between the calculated and test results may com
ccuracy of  the real geometry of the beams in reference to the calculated 
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assumptions (due to different location of the steel reinforcement and 
inaccuracies in the geometry of the elements). 
The calculates graphs prove compatibility with the real test results in the full 
ran
s very good 
com
 
th the cross section 1000200 mm and 
– gth (concrete class C30 / 37 and C50 / 60), 
e bond strain in IC 
– 35% and 3.0%, 
cy
ge of loads. Such a good match of the model enables prediction of the 
flexural behaviour of the strengthened RC member under loading on the safe 
site, even in case of highly preloaded RC members before strengthening.  
 
.3. Parametric analysis 7
 
The comparative analysis described in Chapter 7.2 confirm
patibility of the calculated model in the full range of loading that could be 
useful for prediction of the load bearing capacity of RC members strengthened 
with non-prestressed as well as prestressed FRP materials. Moreover, the model 
has a unique feature based on consideration of the preloading effect. 
The main goal of this section is a parametric analysis of the strengthening
efficiency of concrete members strengthened with CFRP laminates with 
consideration of the following effects: 
– stiffness of the member (slabs wi
beams with different dimensions: 250500 mm and 5001000 mm are 
considered), 
concrete stren
– variable utilisation of the CFRP ultimate stress (6‰ as th
debonding of non–prestressed laminates; 8‰ as a sum of the CFRP strain 
corresponding to 2‰ of prestressing strain and 6‰ as the bond strain; 11‰ 
as a sum of 5‰ prestressing strain and 6‰ the bond strain), 
variable internal steel reinforcement in the range between 0.1
– variable CFRP reinforcement ratio up to 0.7%. 
To prepare monograms of strengthening efficien  f  in the function of the 
CFRP reinforcement ratio f , plenty of calculate examples have been 
performed. Each case corresponds to one cross section of a member and one 
reinforcement ratio of steel and CFRP reinforcement. The calculated procedure 
performed for the slab with the cross section of 1000 x 200mm, the concrete 
C30/37 and only for six chosen cases corresponding to %.s 1350
d 
 , 0.4%, 0.8%, 
1.0%, 1.4% and 2.0% are shown as ff    response  The red line 
corresponds to the capacity of the me engthened with the non-prestressed 
CFRP laminates that failed due to IC debonding with the strain limited to 
‰fb 6
s in Fig. 7.9.
mber str
 . The green line corresponds to the member strengthened with CFRP 
prestressed to ‰fp 2laminates  , which failed due to IC debonding with the 
strain limited to ‰fb 6 . p
with 
The urple line corresponds to the capacity of the 
member strengthe CFRP laminates prestressed to ‰fp 5ned   that failed 
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due to IC debonding with the strain limited to ‰fb 6 . H he blue line 
follows the concrete crushing cases for variable f
owever, t
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Fig. 7.9. Strengthening efficiency  in the function of variable EB CFRP f
reinforcement ratio f , for the 1000200 mm slab made of concrete 
C30/37 for chosen cases of variable steel reinforcement ratio s : 
a) 0.135%; b) 0.4% ; d) 1.0%; e) 1.4% and f) 2.0%. ; c) 0.8%






























































































































































































Fig. 7.10. Strengthening efficiency f  in the function of variable EB CFRP 
reinforcement ratio f , variable steel reinforcement ratio s  and 
concrete: a) C30/37,  for slab 1000200 mm. b) C50/60
Renata Kotynia 
It is clearly visible that the lim  state is governed mainly by the IC 
 of the CFRP laminates. The concrete crushing for the real cases is 
ossible (see the ve cal black dashed lines correspond g to 
 of 2, 4, 6, 8, 10, 12, 14, 16, 18 and 19 CFRP laminates with the cross 
it
debonding
rather imp rti in
application
section of 501.2 mm). 
Compositions of ff    curves corresponding to the 1000200 mm RC 
slab for variable steel and CFRP reinforcement ratios and two values of concrete 
strength, C30/37 and C50/60, are shown in Fig. 7.10.a and 7.10.b, respectively. 
he The area under t es is divided into two parts: yellow and green, 
responding to IC d g (ICD) and concrete crushing (CC), respectively. 
It is confirmed that strengthening efficiency f
curv
cor ebondin
  increases with the decrease in 
the internal steel reinforcement ratio, irrespectively of a member type (slab or 
beam) and the concrete strength.  
The concrete strength governs failure mode (ICD or CC) only for slabs. That 
means possibility of the concrete crushing (CC) failure mode only for slabs 
made of concrete C30/37 with the steel reinforcement %.s 30  (see 
Fig. 7.10.a). However, in the real RC slab made of concrete C50/60 with the 
common steel reinforcement ratio %.s 41 , the concrete crushing (CC) failure 
is not possible (Fig. 7.10.b). It is clearly visible that in most cases the slab made 
of concrete C50/60 fails due to CFRP IC debonding (Fig.7.11.b). 
For the lowest internal steel reinforcement %.s 1350  in the slab concrete 
of class C30/37, irrespectively of a number of laminates, failure is 
governed by IC debonding. If the steel ratio s  increases, concrete 
crushing failure is possible for .s 400 %  and 17 CFRP laminates 
501.2mm. 
Further increase in a number of CFRP laminates combined with the 
increase in the internal steel reinforcement ratio s  makes the strengthened 
slab more sensitive to concrete crushing (the red line corresponding to 
‰6d  shifts to the blue line that is concrete crushing). Both curves have 
the same line from the internal steel reinforcement ratio equal to 
%.s 401 . 
Co dering strengthening slab with CFRP prestressing to 5‰ and 
CFRP debonding with CFRP bond strain equal to 6‰ (the purple line), 
the IC debonding governs the slab failure for the number of CFRP 
nsi
laminates 5fn  and internal steel reinforcement ratio %.s 400 . 
Composition of separate cases of variable steel and CFRP reinforcement 
ratios for the 1000 x 200mm slab and two values of concrete strength, C30/37 
and C50/60, are shown in Fig. 7.10 and 7.11, respectively. 
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Fig. 7.11. Strengthening efficiency f  in the function of variable EB CFRP 
reinforcement ratio f , variable steel reinforcement ratio s  and 






























































































































CFRP reinforcement ratio, f (%)
ICD
 
Fig. 7.12. Strengthening efficiency f  in the function of variable EB CFRP 
reinforcement ratio f , variable steel reinforcement ratio s  and 
concrete: a) C30/37,  for the 500  1000 mm beam b) C50/60
Author’s approach to flexural strengthening 
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The area under the curves is divided into yellow and green parts 
corresponding to IC debonding (ICD) and concrete crushing (CC), respectively. 
It is clearly visible that the slab made of concrete C50/60 fails in most cases due 
to CFRP IC debonding (Fig.7.11).  
Figures 7.12 and 7.13 confirm a strong effect of the beam stiffness on the 
strengthening efficiency. Irrespectively of a number of CFRP laminates and the 
concrete strength C30/37 and C50/60, the beams fail due to IC debonding. 
The concrete strength does not affect failure mode of the RC beams, mainly 
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8. Chosen nonlinear finite element models 
 
One of the first analytical works on the behaviour of FRP-strengthened 
beams was presented by Ehsani and Saadatmanesh (1990). This was based on 
a linear–elastic analysis and was thus limited to the interfacial behaviour 
before cracking. A more advanced approach, the layer–by–layer numerical 
model, was subsequently adopted by other researchers to account for the 
material nonlinearities of the concrete before and after cracking (Takahashi et 
al. 1997; Nitereka and Neale 1999), or to include the effect of tension 
stiffening (Ebead and Marzouk 2005). These analyses were intended for the 
prediction of the load–deflection behaviour and the ultimate load carrying 
capacities; they did not model the debonding failure modes as such. Ebead et 
al. (2004) and Yuan et al. (2001) in their finite element analyses modelled the 
adhesive layer as a linear-elastic material, rather than adopting the commonly 
used full-bond assumption between the FRP and concrete. 
Interface elements were used to represent the interfacial behaviour between 
the FRP and concrete in the studies of Sand and Remlo (2001), Wong and 
Vecchio (2003), Teng et al. (2004), and Abdel Baky et al. (2004). An accurate 
concrete cracking model at the interface is generally required to properly 
determine the strain distributions in the concrete due to crack formation. The 
nonlinear fracture mechanics approach used by Rabinovitch and Frostig 
(2001) was introduced to analyze the interfacial stresses in the vicinity of the 
crack. The interfacial shear stress was addressed before and after concrete 
cracking for a plane stress analysis of FRP-strengthened reinforced concrete 
beams (Abdel Baky et al., 2004) and a 3-D analysis of FRP-strengthened 
concrete slabs (Neale et al., 2005). 
 
8.1. Nonlinear finite element analysis by R. Kotynia, H. Abdel Baky, 
K. Neale and U. A. Ebead (2009) 
 
As far as numerical modelling is concerned, Ebead and Neale presented a 
nonlinear finite element modelling of the interfacial behaviour of FRP/concrete 
joints (Ebead and Neale 2006). This numerical analysis has been  performed for 
experimental results of two series of ten RC concrete beams externally 
strengthened with CFRPs (Kotynia et al., 2009). The RC beams with the 
rectangular cross-section of 150x300 mm and a span of 4200 mm were 
strengthened with externally bonded CFRP strips or sheets. Continuous and 
spaced L-shaped CFRP reinforcement was used to delay the debonding of the 
bottom longitudinal CFRP laminates (Kotynia and Kamińska 2003). The 
Renata Kotynia 
experimental program (Table 8.1) addresses the efficiency of using different 
configurations for the CFRP strengthening by altering the U-shaped systems. 
A displacement-controlled nonlinear finite element analysis of FRP-
strengthened concrete beams was carried out using the finite element package 
ADINA (ADINA, 2004a). 
 
Table 8.1. Summary of test specimens 
CFRP configuration s f 
'
cf  tf   





B-08S Type S - 0.15 32.3 2.8 
B-08M Type M - 0.41 37.3 3.5 
B-08Sm Type S 0.15 33.5 3.4 
B-08Mm Type M 
U-wrap, fibres 
perpendicular to 
the beam axis  
(1 layer) 
0.41 38.2 3.3 






B-08Mk Type M 
L-shaped plates 
(spacing 200 mm) 0.41 32.0 3.1 
B-083m 
Sheet (width 150 mm, 
3 layers) 
- 0.14 34.4 2.9 
B-083mb 
Sheet (width 150 mm, 
2 layers) 
0.14 25.8 2.7 






B0-08Smb Type S  
U-wrap, fibres 




0.20 27.4 2.7 
* distance between the bottom plate end and the beam support is 75 mm 
s – longitudinal steel reinforcement ratio, s = As/bd  
f  – total longitudinal CFRP reinforcement ratio, f = Af/bd  
 
8.1.1. Material modelling for concrete, steel, and FRP 
 
The constitutive law used for modelling the behaviour of the concrete is 
based on the following assumptions: 
– a nonlinear stress–strain relation that allows for the weakening of the material 
under increasing compressive stresses, 
– tension and crushing failure envelopes,  
– a strategy for modelling of fixed smeared crack model, the post-cracking and 
post-crushing behaviour of concrete.  
The general multiaxial stress–strain relations are derived from a nonlinear 
uniaxial stress–strain relation. The cracked concrete is assumed orthotropic, with 
the directions of orthotropy being defined by the principal stress directions. 
Failure envelopes are utilized to establish the uniaxial stress–strain law 
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accounting for multiaxial stress conditions, and to identify whether tensile or 
crushing failure of the concrete has occurred. 
The post failure material behaviour considers: 
– post-tensile cracking,  
– post-compression crushing,  
– strain-softening principle. 
 
The hypoelastic concrete model is used for description of the nonlinear 
stress-strain relationship (Fig. 8.1). The ultimate uniaxial compressive stress 
 and the ultimate uniaxial compressive strain 'cu f.850 00350.u  . The 
concrete tensile strength  and the initial modulus of elasticity  are 
determined experimentally and Poisson’s ratio 
tf cE
180.  (Table 8.1).  
 
 
Fig. 8.1. Concrete stress–strain constitutive model 
 
Failure envelopes are utilized to establish the uniaxial stress-strain law 
accounting for multiaxial stress conditions and to identify whether tensile or 
crushing failures of the concrete have occurred. A uniaxial elastic-pure plastic 
constitutive law is employed for the steel reinforcement (Table 8.2), while for 
the FRP composites, an orthotropic 3D linear elastic relation up to failure is 
assumed. The orthotropic parameters of the FRP composites are considered 
using the mechanical properties of FRP s and epoxy.  
The behaviour of the cracked concrete is described assuming a system of 
orthogonal cracks. Once a crack occurs in any direction i  the material is 
considered orthotropic with the directions of orthotropy being defined by the 
principal stress directions. Cracking of the concrete occurs when the principal 
tensile stress lies outside the tensile failure envelope. The elastic modulus of the 
concrete is reduced to zero in the direction parallel to the principal tensile stress 
direction and then a redistribution of stresses takes place. Once cracking occurs, 
the shear reduction factor decreases linearly from 1.0 for the uncracked section 
to 0.5 for cracked sections, at a strain level of eight times the cracking strain m  
(Fig. 8.1), and then remains constant. 
169 
Renata Kotynia 
The steel reinforcement has a bilinear elastic-plastic stress-strain relationship 
with the strength characteristics shown in Table 8.2. 
A linear elastic relationship until rupture is assumed for the CFRP 
composites (Table 8.3). For the analysis, the elastic modulus in the direction 
perpendicular to the fibres  is assumed to be one-tenth of that in the direction 




Table 8.2. Steel reinforcement characteristics 
Diameter (mm) sE (GPa) suf (MPa) yf (MPa) 
6 207 501 437 
10 209 647 524 
Series I 195 692 490 
12 
Series  II 220 662 436 
 
Table 8.3. Mechanical properties of one layer of CFRP reinforcement 
Strips 
Parameters 





Thickness (mm) 1.2 1.4 0.13 1.4 
Width (mm) 50 120 150* 40 
uf  (MPa) 2915 2743 3500 2295 
frpE  (GPa) 172 220 230 132 
u  (%) 1.7 1.24 1.5 1.73 
* when used as longitudinal strengthening reinforcement 
** data supplied by the manufacturer 
 
8.1.2. FRP to concrete interface bond model 
 
The mechanical behaviour of the FRP-to-concrete interface is modelled by 
the local shear stress-slip S  curve proposed by Lu et al. (2005) presented in 







max   (8.1) 
 
   0
1 SSife 0SSmax 












Fig. 8.2. FRP-to-concrete constitutive bond model (Lu et al., 2005)  
 
The maximum bond strength, max , and the corresponding slip, , are 
governed by the tensile strength of the concrete, , and a width ratio parameter, 
0S
tf
w , as follows: 
 
 twmax f.  51  (8.3) 
 
 tw f.S 019500   (8.4) 
 
The parameter w  is defined in terms of the laminate width, , and the 





















  (8.5) 
 
The interfacial fracture energy,  is the area under the fG S  curve, which 
corresponds to the energy per unit bond area required for complete debonding, 
calculated as follows: 
 
 twf f.G
23080   (8.6) 
 














  (8.7) 
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Values of max  and corresponding slip  are listed for each beam specimen 
in Table 8.4. 
0S
 
Table 8.4. Comparison between the experimental and numerical results 












B-08S 4.62 0.060 93.7 0.98 6.65 1.08 
B-08M 4.42 0.057 139.5 1.00 5.68 1.12 
B-08Sm 5.61 0.073 105.4 1.03 7.03 1.07 
B-08Mm 4.16 0.054 153.2 1.00 6.31 1.15 
B-08Sk 5.28 0.069 100.3 0.98 8.09 0.94 
Series I 
B-08Mk 3.91 0.051 157.2 1.05 7.90 1.40 
B-083m 3.24 0.042 89.9 0.98 6.65 0.98 
B-083mb 3.02 0.094 119.3 0.97 7.84 0.93 
B-08Smb 3.96 0.051 113.8 1.00 7.88 1.03 
Series II 
B0-08Smb 4.46 0.058 106.0 0.96 7.92 1.26 
numP num is the numerical ultimate load and   is the numerical strains in CFRP at 
ultimate load 
 
8.1.3. Geometrical modelling 
 
Interface element between 
bottom sheet and concrete
side bonded sheet and concrete



















Fig. 8.3. Finite element model 
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In the current finite element simulations, only one quarter of the beam is 
modeled due to the geometrical, material and loading symmetries. The concrete is 
modelled using 8-node 3D solid elements with three transitional degrees of 
freedom per node in three perpendicular directions. The steel reinforcement is 











































































Fig. 8.4. Finite element mesh for (a) beam B-08/Sm and (b) B-08/Sk 
Renata Kotynia 
The FRP laminates is modelled using 4-node membrane element with three 
transitional degrees of freedom per node. These elements are aligned in the 
direction of the unidirectional fibres, and in both directions for the case of 
longitudinal and transverse oriented fibres (Fig. 8.3). The constitutive 
relationship for the interface truss elements was based on the above bond–slip 
model. Due to the geometrical and loading symmetries, only one quarter of the 
beam was analyzed.  
Fig. 8.4 shows the finite element meshes and the interface elements in two 











Fig. 8.5. Finite element models of I Series beams 




Fig. 8.6 Finite element models of II Series beams 
 
8.1.4. Numerical results and discussion 
 
The comparisons between the results of our numerical predictions and that of 
the experimental results for all the specimens, in terms of the ultimate load 
carrying capacities and modes of failure, are summarized in Table 8.4. with the 
ratio of the numerical–to–experimental load capacity is given for each beam. 
There is a very good agreement between the numerically predicted load 




The average numerical-to-experimental load ratios are 1.00 with a 5e-6 
standard deviation. The proposed models are able to simulate the entire load–
deflection relationships, including the descending and post failure profiles, in 
view of the displacement-controlled solution adopted in these analyses. The 
numerical results shown in Figure 8.7 are for the numerical versus experimental 
comparisons in terms of the load–deflection relationships for tested beam 
specimens of I Series. Debonding of the FRP laminates off the concrete surface 





































































































































Fig. 8.7. Load–deflection relationships for the beam specimens in I Series 
 
Axial strains in tension steel bars and FRP sheets 
 
The numerical results shown in Figure 8.8 and 8.9 are for the numerical 
versus experimental comparisons in terms of the load–strain relationships in 
tension steel bars and bottom FRP sheet, respectively for tested beam specimens 
of I Series. There is a very good agreement between the prediction and the 
response observed experimentally. 
 


































































































































Fig. 8.8. Load–strain curves in tension steel bars of I Series beams 
 
The experimental measurements of the strain in steel bars around failure are 
quite difficult and generally not very accurate. This explains the discrepancy in 
beam B-08/Mk, while for beam B-08/S, the experimental reading did not capture 









































































































































Fig. 8.9. Load–strain curves in tension steel bars of II Series beams 
8.1.5. Interfacial shear slip profile 
The interfacial shear slip in the subsequent sections is presented for three 
beams. The first beam, B-08/S, represents the case of unanchored FRP system. 
The second beam, B-08/Sm, represents the case of using continuous U-shape 
FRP anchored system. The third beam, B-08/Sk, represents the case of using 
separated U-shape FRP anchored system. 
Chosen nonlinear finite element models 
Beam B-08/S 
 
Fig. 8.10. Interfacial slip profile for the Beam B-08/S 
 
Figures 8.10a to 8.10d present interfacial shear slip distributions along the 
interface for load levels prior to and at cracking, at intermediate load step and at 
failure load. 
With an increase of the applied load up to the cracking load, the interfacial 




increase at the plate end. At this stage of loading (prior to cracking) the 
interfacial shear slip distribution is similar to that derived from the direct shear 
tests (Ebead et al., 2004). At the cracking load, higher fluctuating interfacial slip 
values are observed at the cracked sections. However these values are still less 
than that at the plate end. As shown in Figure 8.10c, with an increase of the 
applied load up to the yield load, the flexural cracks tend to open causing a shift 
of the maximum values of the bond slip from the plate end to the mid-span. 
Figure 8.10d shows the interfacial shear slip distributions along the interface 
for the level of load around the failure load. For this specific beam, the 
interfacial shear slip increases dramatically at the mid-span causing an 
intermediate crack debonding. Moreover, the interfacial slip increases 
simultaneously at the plate end with a significant value of 0.04 mm. The 
interfacial slip profile explains the debonding failure mode that has been 
observed experimentally as shown in Figure 8.10. The debonding mode of 
failure initiates at the intermediate crack around the concentrated load, 
corresponding to point “a” in Figure 8.10d, then suddenly propagates toward the 




The effect of using anchored strengthening on the interfacial slip distribution 
is depicted Fig. 8.11a to 11d.  It is obvious that the slip distribution is decreased 
at the anchored zone, slip equals .005 x10-3 mm, compared to that for the 
unanchored beam B-08/S, slip equals .02x10-3 mm in Fig. 8.11a. At the cracking 
load, higher fluctuating interfacial slip values are observed at the cracked 
sections, yet these are still lower than those at the plate end, as shown in Figure 
11b. Both at the intermediate load level; and at failure, the interfacial slip values 
concentrate at the end of the anchored sheet. At failure, as shown in Fig. 8.11d, 
the maximum interfacial shear slip occurs at the beginning of the anchoring 
sheet, causing debonding to initiate and to propagate towards the end plate, 
where the interfacial slip has a maximum value. This slip profiles could explain 
the mechanism of the experimentally observed debonding failure mode as 
presented in Fig. 8.11e, where the observed debonding failure initiated at the 




This beam specimen addresses the effect of using transverse sheet for 
anchoring bottom FRP sheets. When using intermediate transverse sheets for 
anchoring the laminates, the slip distributions along the interface become those 
shown in Fig. 12a to 12d. In the predicted interfacial shear slip profiles, we 
observe zones where the interfacial slips decrease relative to those in the 
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adjacent zones, as can be seen clearly in Fig. 12c and 12d. This result suggests 
that, in general, the addition of transverse anchorage strips is quite effective for 
mitigating debonding failures in these regions. At failure load as shown in Fig. 
11d, the interfacial slip value increases significantly between the transverse 
sheets and this explains the local debonding failure mode that has been observed 
experimentally and shown in Fig. 12e. 
 
 




Fig. 8.12. Interfacial slip profiles for the beam B-08/Sm 
 
At failure, the slip increased dramatically at the plate end with a value similar 
to that at the end of anchoring sheet causing the mode of failure that have been 
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observed experimentally and represented in Fig. 12f. The debonding mode of 
failure initiated at the plate end and propagated toward the mid span. 




The nonlinear numerical analysis using a displacement-controlled 3-D finite 
element model indicated that the following conclusions may be drawn: 
– For all of the tested specimens, the mode of failure was characterized by 
intermediate crack debonding of the bottom FRP flexural strengthening 
reinforcement.  
– There was a significant effect of the width of the flexural CFRP laminates on 
the debonding mechanism. In the case of the narrow laminates, the 
debonding plane occurred a few millimetres inside the thin concrete cover. 
However, when using wide laminates, the debonding plane was observed 
inside the concrete cover, along the steel reinforcement. 
– Using an additional transverse FRP continuous U-wrap system with the fibre 
direction parallel to the beam axis increased the ultimate load carrying 
capacity, mainly because of the flexural contribution of the additional CFRP 
reinforcement.  
– Not extending the length of the U-shaped distance to cover the ends of the 
laminates limited the effectiveness of the anchorage technique as far as the 
ultimate load capacities were concerned. 
– Initial loading of a strengthened beam to a level of 50% of the corresponding 
capacity of an unstrengthened beam had very little influence on the ultimate 
load capacity.  
– The finite element model predicted the ultimate load carrying capacities of 
the various FRP-strengthened beams with an average numerical-to-
experimental ratio and standard deviation of 0.998 and 0.0276, respectively. 
As far as the CFRP strains at the ultimate loads were concerned, the average 
numerical-to-experimental ratio and its corresponding standard deviation 
were 1.096 and 0.147, respectively. 
– For all of the specimens, the finite element analysis was capable of predicting 









8.2. Nonlinear finite element analysis by Sz. Serega, R. Kotynia and K. 
Lasek (2018) 
 
8.2.1. Finite element model of preloaded RC beams strengthened with 
prestressed CFRP laminates 
 
The geometry of the tested beams and the loading configuration indicate that 
the structure can be modelled in a plane stress state (2D). The finite element 
mesh topology adopted for calculations is presented in Fig. 8.13. Only half-span 
with proper boundary conditions was modelled as the structure is symmetrical. 
The finite element mesh of the concrete matrix and the CFRP laminate consists 
of quadrilateral eight-node isoparametric plane stress elements. The maximum 
dimension of each finite element does not exceed 15 mm. The thickness of these 
elements is equal to 500mm and 100mm for concrete and CFRP, respectively. 
Six-node interface elements with zero thickness in the normal direction were 
used in order to model the bond-slip behaviour between the composite laminate 
and the concrete surface. The thickness of the interface elements in the direction 
perpendicular to the plane of the structure is 100 mm. Similarly, the CFRP 
anchorage area, i.e. the set of steel plate and bolts, was modelled using the 
interface elements but with a different bond-slip behaviour. 
 
 
Fig. 8.13. Finite element model for RC beams; a) mesh topology, b) 
configuration of steel reinforcement 
 
The upper bars and stirrups were modelled using the concept of embedded 
reinforcement. This means that the reinforcement does not have its own degrees 
of freedom. The uniaxial strain in the reinforcement element is compatible with 
the so-called mother element, i.e. an element in which reinforcement is 
embedded. The embedded reinforcement changes the stiffness of the mother 
element. The strain and stress in the embedded reinforcement are calculated 
from the mother element strains fields. 
 
184 
Chosen nonlinear finite element models 
In the case of the bottom reinforcement, local slips in the vicinity of the 
flexural cracks affect crack spacing, which should be reflected by the numerical 
model. For this reason, the bottom reinforcement was modelled using three-node 
truss elements connected with the concrete matrix by special interface elements. 
This type of connection is able to model relative displacements (slips) between 
the concrete matrix and reinforcing bars in the direction tangential to the 
reinforcement. The displacements of the concrete matrix along the bar are 
calculated by interpolation of the nodes displacements of the 2D element. 
Therefore, similarly to the concept of embedded reinforcement, slipping 
reinforcement can be modelled independently of the connectivity of the concrete 
matrix elements. The configuration of steel reinforcement is presented in Fig. 4b. 
Each line represents four 8 bars for the upper reinforcement, two 8 bars for 
the stirrups and four 12 or 16 bars for the bottom reinforcement. 
 




The constitutive model for concrete adopted in the current analysis is based 
on the concept of smeared cracks and formulated in total strains, following the 
propositions in (Vecchio, 1989; Vecchio, 1990; TNO DIANA). The fixed crack 
approach is used in this study. Before cracking, the stress-strain relationships 
(secant stiffness) are evaluated in the directions of principal strains. After 
cracking, the local directions are fixed and the stress-strain relationship are 
evaluated in the coordinate system determined by the first crack. Additionally, 
the shear stiffness is reduced in the direction tangential to the crack (shear 
modulus is multiplied by a shear retention factor 01. ). A secondary crack 
may appear only in the direction perpendicular to the first crack. 
The constitutive relationship in the plane stress conditions (2D) based on the 
secant stiffness matrix is described by the following formula (Vecchio, 1989; 
Vecchio, 1990): 
 
  secD  (8.8) 
 
where:  is the vector of stresses,  Tnttn     Tnttn    is the vector of 
mechanical strains, n  and t  are the directions perpendicular and tangent to the 
first crack, respectively. Strains   are decomposed from the total strains (total 
means here mechanical strains and the ones induced by shrinkage and 
temperature) in the following way: 
 
     TththTcsshthshtot T,t, 011011    (8.9) 
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where  tcs  is mean shrinkage strain evolution in time t  due to cement 
hydration and concrete drying, th  is the thermal expansion coefficient, T  is 
the increase of temperature from the initial temperature. In the present study, the 
temperature in the beams was uniform, the thermal expansions of all materials 
were similar and the structure was not restrained in any direction. Thus, the 
thermal effects can be omitted in calculations. 

























where nE  and tE  are secant elastic modulus in the normal and tangent 
directions to the first crack, respectively, G  is a shear modulus,   – a shear 
retention factor. The secant values of the stiffness matrix are calculated from the 
uniaxial stress-strain relationships. In tension this relationship is assumed as in 
(Cornelissen et al., 1986; Hordijk, 1991) – see Fig. 8.14: 
 
 















































































1  (8.11) 
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where  is mean concrete elastic modulus,  is concrete tensile strength, cE tf
ctcr Ef  and constants 031 .c  ,  are taken from (Hordijk, 1991). 9362 .c 
 
The mesh objectivity of the numerical solution is provided by keeping 
constant fracture energy  for a given area of a cracked element (“fracture 












.1365   (8.12) 
 
where  is the crack bandwidth. For the applied type of finite element, h
FEAh   (Rots, 1988), where  is the area of an individual finite element. FEA
 
Tensile strength  and fracture energy  were not directly measured in 
the experimental tests (Kotynia et al., 2013a). These material parameters were 
fitted in such a way that the simulated cracking load and load-displacement 
behaviour of the considered beams followed the experimental ones prior to 
strengthening. The adopted values of material parameters are shown in Table 8.5. 
tf ftG
The uniaxial stress-strain curve for concrete in compression is shown in Fig. 



















































































































 , cec  51  ,  is concrete compressive strength. The 
values of compressive strength and elastic modulus of concrete were taken 




Table 8.5. Mechanical properties of concrete adopted in calculations 
cE  cE  cf  tf  ftG  fcG    Element 
[GPa] [-] [MPa] [MPa] [N/m] [N/m] [-] 
B12-a 23.7 0.2 32.2 1.9 90 1.0·104 0.2 
B12-a-e 24.7 0.2 41.6 3.2 90 1.0·104 0.2 
B16-a 25.4 0.2 49.0 2.5 90 1.0·104 0.2 
B16-a-e 26.4 0.2 51.0 4.1 90 1.0·104 0.2 
 
Similarly to the post-peak behaviour of concrete in tension, compression 
deformations after peak stress show a tendency to localization to a certain zone 
(Jansen and Shah, 1997; Markeset and Hillerborg, 1995; van Mier et al., 1997). 
This means that the descending part of the stress-strain relationship is size 
dependent, and stress-displacement description is more suitable in this case than 
stress-strain relationship. However, it is very convenient in FEM to have the 
constitutive material model defined by stress-strain relationship (or by their 
increments). In order to gain the objectivity of the post-peak behaviour of 
concrete in compression independently of FE mesh, the ultimate compressive 











1    (8.14) 
 
where  is compressive fracture energy, h  is the characteristic length of a 
finite element, assumed the same as for tension. The  value is an additional 
material property and can be calculated from the post-peak stress-displacement 
diagram. The values for this quantity available in literature range from 1.0·104 to 
2.5·104 N/m (Jansen and Shah, 1997; Vonk, 1992). The compression fracture 
energy is also expressed as the multiple of fracture energy – for example 
 (Nakamura and Higai, 2001). The values of  adopted in the 
calculations are shown in Tab. 8.5. (note that the lower limit of  values 
reported in (Jansen and Shah, 1997; Vonk, 1992; Nakamura and Higai, 2001) 






If tensile strain exists in the direction perpendicular to compression, the 
compressive strength is substantially reduced (Belarbi and Hsu, 1995; Vecchio 
and Collins, 1993). The uniaxial compressive strength is multiplied by factor 




































  (8.15) 
 
where t  is tensile strain perpendicular to the crack. It should be noted that only 
 is reduced by the above factor, while cf 1c  remains unchanged.  
 
Concrete-CFRP laminate interface 
 
The behaviour of the concrete-to-laminate interface described below is 
suitable mainly for externally bonded laminates with strong (stiff) adhesives, 
where the failure of connection is induced by cracking in the concrete layer near 
the adhesive. It can be assumed that for actively or passively strengthened 
flexural elements the normal forces to the laminate-concrete connection are 
rather small. Thus, the constitutive relationships between the normal and 
tangential tractions and relative displacements are uncoupled, i.e. the normal 
traction  depends only on the relative normal displacement nt nu , and the 
tangential traction  is the function of only tt tu , where tu  is the relative 
displacement in the tangential direction (the concrete - laminate slip). The 
definitions of , , nt tt nu , tu  are presented in Fig. 8.15. 
 
 
Fig. 8.15. Tractions and the relative displacement in the concrete–to–laminate 
interface 
 
In the normal direction, the traction-relative displacement law is linear: 
 
 nnn uKt   (8.16) 
 
where:  is the normal stiffness of the interface. The local traction-slip 
behaviour in tangential direction is described by the function: 
nK
 ttt ugt  ,  is 


























































where:  is maximum traction, maxt 0tu  is the slip associated with , maxt   is a 
material constant that describes the post critical slope of function .  tg
 
If the linear material behaviour is assumed for slips from the range of teu,0 . 
 is the initial stiffness and teK 0040 tte u.u  . Based on (Finckh and Zilch, 2012), 
for slips greater than res,tu , a constant residual traction  is assumed. The 
residual traction  reflects friction between concrete chunks at the fracture 
plane in the laminate-concrete connection. The slip 
p,rest
p,rest


























1  (8.18) 
 
The incremental constitutive relationship of the laminate-concrete connection 
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  (8.22) 
 
The stiffness describes the constitutive law only for monotonic bond-slip 
behaviour. The complete physical law should also describe material behaviour in 
unloading conditions or unloading and reloading with opposite sign. This is 
important for structures that were severely cracked before strengthening or 
severe cracks appeared after applying the FRP reinforcement. The laminate is 
bonded in the vicinity of the crack edge, which is shown in Fig. 8.17. where 
local slips between cracks are presented. If the loading process is continued, 
slips of one sign dominate. Thus, the unloading/reloading with opposite sign 
process occurs near one crack (Fig. 8.17.). For slips maxtte uu  , where 
max
tu  is 
the maximum slip reached in loading history, the damages (microcracks) in the 
microstructure of concrete near the surface are minor and plastic slips do not 
occur. Thus, unloading bond-slip path is directed towards the origin, as proposed 
in (Finckh, 2012) – see Fig.8.15. In this case, the secant stiffness in tangent 









utK 1  (8.23) 
 
 
Fig. 8.16. Concrete-to-laminate traction-slip law 
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If, during further loading, slip maxtu  is reached, the bond-slip path follows 
the negative counterpart of . The experimental evidence presented in (Ko and 




exceeds 0tu  in the loading process, plastic slips occur. The secant stiffness in 


































12  (8.24) 
 
where  and  are material constants determined empirically in (Ko and Sato, 




2 1tK 0tu  
– see Fig. 8.16. This assumption prevents the model from nonphysical behaviour 
in the form of plastic slips with opposite sign in the unloading process. 
 
 
Fig. 8.17. Local laminate to concrete bond mechanism between cracks 
 
Moreover, according to (Ko and Sato, 2007), if the maximum slip maxtu  
reached in the loading process is greater than 0tu  and, subsequently, when the 
unloading and reloading process with the opposite sign occurs, the maximum 
traction that can be reached is equal to  – see Fig. 8.17. This is coherent n,rest
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with the near surface cracking mechanism simulated in (Lu et al., 2005b), where 
macrocracks near the concrete surface exist for significant slips. Only the 
residual forces in the interface are possible at these regions, as they are caused 
by friction in concrete between macrocracks. 
The proposed approach to modelling the interface behaviour of externally 
bonded FRP laminates is not a standard material model available in the material 
library of used software (TNO DIANA). Due to this fact, the constitutive model 
was implemented using a user-supplied subroutine (USRIFC). The interface 
model was validated by performing two tests: an “one element” test and a 
cyclically loaded and unloaded anchorage test. 
The first numerical test is presented in Fig. 8.18. The model consists of two 2D, 
eight-node elements connected by the six-node interface element. The vertical and 
horizontal displacements of the element No 1 are constrained at the element’s free 
edges. The relative displacement tu  between 2D elements is obtained by the 
horizontal translation of the element No 2. The material parameters for the bond-
slip relationship are taken from (Ko and Sato, 2007) as for the specimen C14 
( , MPa.tmax 932 170. , mm.ut 1100  , MPa.tt n,respp,res 690 , 
and am/GPa221 a 9302 . ). The load was applied in five sequences. During 
the first sequence the element No 2 was moved to mm.uu tt 1100  , then 
unloaded to zero and again loaded to 0tu  (sequence A-B-A- B in Fig. 8.18a). Next 
the element No 1 was moved to mm.ut 220 , unloaded and reloaded to the same 
value (sequence B-C-A-C). In the third cycle No 2 element was moved to 
mm.t 60u , then unloaded and reloaded (sequence C-D-E-D in Fig. in Fig. 
8.18b). Afterward the element No 2 was moved to mm.21ut  , then reloaded and 
loaded with opposite sign to mm.ut 250  (sequence D-F-G). The last cycle 
started from mm25.0ut   to mm.ut 61 , then unloaded and reloaded again to 
mm.ut 250  (sequence G-F-H-G). 
The results of calculations presented in Fig. 8.18 indicate that the interface 
model correctly reproduces the monotonic traction-slip behaviour. 
The second test is presented in Fig. 8.19. This is the anchorage test reported 
in (Ko and Sato, 2007) and performed on C14 specimen. The specimen’s 
dimensions are given in Fig. 8.19 and a detailed description of the test procedure 
can be found in (Ko and Sato, 2007). Mechanical parameters adopted in 
calculations are the same as for the first test. The specimen was loaded and 
unloaded in a few cycles up to the failure. The numerical model of the interface 
correctly reproduces experimental data both for monotonic and cyclic loads – 
see Fig. 8.20. At the beginning of the loading process the stiffness of the model 
is slightly underestimated. For the loading level above 17 kN discrepancies 
between the experiments and calculations are minor. The stiffness degradation 
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and plastic slips are correctly described, however, the model is unable to reflect 
the hysteresis phenomenon observed in the experiment. 
 
a)  b)  
Fig. 8.18. Interface “one element” test: a) FEM model, b) results of calculations 
 
Additionally, in Fig. 8.19 the distributions of traction along the bonding 
length for three loading levels are presented. The first load level (6.7 kN) is 
associated with attaining the maximum traction  at the point A. For the next 
load levels (19.0 kN and 22.1 kN) the pick t  moves towards the anchorage 
end. After reaching the maximum load the snap-back behaviour is observed in 





Fig. 8.19. FEM model for Ko & Sato (2007) anchorage test (specimen C14) 
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Fig. 8.20. Ko & Sato (2007) anchorage test (C14) – experiment vs. calculations 
 
Table 8.6. Mechanical parameters for the concrete-CFRP laminate interface 
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0tK  nK  maxt  0tu    p,rest
*)
1a  2a  Element 
[GPa/m] [GPa/m] [MPa] [mm] [-] [MPa] [GPa/m] [-] 
B12-a 3.85·102 4.0·102 3.2 0.042 0.27 0.65 63.7 -1.07 
B12-a-e 3.85·102 4.0·102 2.8 0.036 0.21 0.50 74.8 -1.07 
B16-a 3.85·102 4.0·102 2.5 0.032 0.18 0.27 83.4 -1.07 
B16-a-e 3.85·102 4.0·102 4.3 0.056 0.46 0.50 46.9 -1.07 
*) t  p,resn,res t
 
The interface parameters adopted in the calculations of the beams are 
presented in Tab. 8.6. A part of the mechanical parameters (i.e. , 
) shown in Tab. 8.6. were calibrated by a trial–and–error 
procedure in order to obtain the best agreement between the numerical 
simulations and experiments. On the basis of calibrated  the rest of 




0tu ,  , ) were 
calculated according to the formulas in (Lu et al., 2005a). The parameters for the 
unloading behaviour ( , ) are taken from (Ko and Sato, 2007) as the mean 
value for the specimens C14 to C19. It should be pointed out that the calibrated 
values for  are near the lower limit of experimental findings described in the 
literature on the subject and collected in (Ko et al., 2014). This effect is probably 
due to the fact that the experimental values of  were obtained for bonding 
tests carried out on the concrete specimens without any earlier preloading 
(usually it is a virgin concrete block). The concrete in the analysed beams was 






reinforcement and mechanical preloading. The CFRP laminate was applied to 
the concrete cover with damages, i.e. microcracks, that influenced on the  
values. 
maxt
Concrete-CFRP laminate traction-slip law in the bonding region 
The anchorage system consisted of a steel plate mechanically fastened to the 
beam. The laminate was glued to the concrete and to the steel plate. The 
experimentally observed failure of the anchorage system was the laminate 
sliding from under the steel plate. Due to the lack of experimental evidence 
concerning the local tangential traction-slip behaviour of such bonding system 
type, the elastic perfectly plastic constitutive relationship was stipulated for this 
region, as shown in Fig. 8.21.a. 
a) b)
c) 
Fig. 8.21. a) bond-slip relationship in the mechanical anchorage region (steel 
plates), b) bond-slip model for the steel-concrete interface, c) 
uniaxial stress-strain relationship for reinforcing steel 
The tangent and normal stiffness was assumed to be equal to 3.85·102 GPa/m 
and 4.0·102 GPa/m, respectively. The maximum traction in tangent direction 
 was 7.1 MPa. maxt
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Bond-slip between steel reinforcement and concrete, constitutive model for 
reinforcing steel and CFRP 
 
The bond-slip behaviour of the tensile reinforcement is described according 
to (Shima et al., 1987) and presented in Fig. 8.21. Traction  and the relative 

























maxtnbt etat  (8.25) 
 
where MPaf.t cmax
3290 , D  is the diameter of the tensile reinforcement bar 
and  is equal to the number of tensile bars, nba 4nba . The mechanical 
parameters for this bond-slip behaviour were calculated on the basis of the mean 
concrete strength given in Tab. 8.5. High penalty stiffness was assumed in the 
normal direction to the bar. 
 
The constitutive model for steel is unambiguously defined by the uniaxial 
stress-strain relationship. The elastic-plastic with linear kinematic hardening 
model was assumed – Fig. 8.21.c. The mechanical parameters for steel adopted 
in the calculations were determined on the basis of experimental tests (Kotynia 
et al., 2013a) and are summarised in Tab. 8.7. 
 
Table 8.7. Mechanical parameters of reinforcing steel used in the calculations 
Diameter 
of bars s




[mm] [GPa] [MPa] [MPa] [‰] [‰] [‰] 
t A 12 191.1 511.4 594.5 2.68 25 100 
B12-a 
c, s A 8 200.7 583.1 650.5 2.91 25 100 
t B 12 191.3 539.6 627.5 2.82 25 100 
B12-a-e 
c, s B 8 186.1 416.2 734.1 2.24 10 75 
t C 16 198.0 595.0 672.0 3.01 23 100 
B16-a 
c, s C 8 196.4 555.8 646.0 2.83 10 50 
t C 16 198.0 595.0 672.0 3.01 23 100 
B16-a-e 
c, s C 8 196.4 555.8 646.0 2.83 10 50 
t  – tensile reinforcement, c  – compression reinforcement, s  – stirrups 
 
The linear elastic behaviour of CFRP laminate was assumed for strains less 
than the rupture strain of the laminate ( ‰.fu 516 ). The elastic modulus 





. The calculations were terminated after reaching the strain limit 
 , which reflects the rupture of the tape. 
 




Four loading schemes can be distinguished in the laboratory tests that were 
also considered in the numerical calculations. These loading schemes include: 
the dead weight, shrinkage of concrete, prestressing applied to laminates, 
external preloading and additional loading in the form of concentrated forces. 
The loading conditions were applied in the sequences that followed the 
experimental loading program described in (Kotynia et al., 2013a).  
The dead weight was modelled as mass forces at each node of the finite 
element mesh. The concentrated load ( F ) was replaced by a local, uniformly 
distributed load over the width of 0.1 m. The resultant of this load was equal to 
F , and its locations are shown in Fig. 8.13. 
Since the shrinkage of concrete was not directly measured in a laboratory test, 
the kinetics of shrinkage strain  tcs  was assumed to be as stipulated in 
(EN 1992-1-1:2004, 2004). Due to the fact that the autogenous shrinkage effects 
take place when the elastic properties of concrete are not fully developed, the 
only shrinkage to be considered was mean drying shrinkage. Similarly, the effect 
of nonuniform shrinkage distribution associated with nonuniform moisture field 
in the specimen’s cross-section can be neglected. All elements were tested at 
least 70 days after removing formworks. Taking this fact into consideration as 
well as the shape of the specimen’s cross-section, it is clear that the differences 
of drying shrinkage strain between the middle and external fibres of the cross–
section (as the result of moisture gradients) are negligible and they did not 
induce a stress field in the specimens at the time when the tests were performed.  
The prestress was modelled as the uniform load fp  applied to the ends of 
the CFRP laminate. The value of fp  was calibrated to obtain the initial strain 
in laminate fp  (i.e. the strain after immediate losses due to slips in anchors and 
prestress-induced deformations) equal to the strain measured in the tests (see 
Tab. 8.4.). 
 
8.2.3.2. Numerical procedure 
 
An incremental iterative procedure was employed to obtain a solution for the 
analysed structures and loading programs. The computational process was 
controlled by increments of external loads and prestress. For load levels close to 
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the failure load (approximately 80% of the experimental failure load), the force 
controlled procedure was changed to the arc-length method. A vertical 
displacement of the node located at the top surface of the beam in the axis of 
symmetry was the control parameter for the arc-length method. For each load 
increment, the equilibrium between internal and external forces was calculated 
using the Newton–Raphson procedure. The residual forces and displacements 
norms were used as the convergence criteria.  
The laboratory experiments contained several stages that had to be precisely 
reflected in the numerical simulations. Therefore, a phased analysis was used in 
the calculations. The following phases were taken into consideration: 
Phase I – reinforced concrete element without strengthening. The following 
model components were activated in this phase: concrete matrix 
elements, steel reinforcement and kinematic boundary conditions. 
The initial loads were applied in the successive sequences as: 
shrinkage, dead weight and preloading (if appropriate). 
Phase II – prestressing. CFRP laminate elements were added to the 
components of Phase I. The prestressing was applied at the end of 
the laminate. 
Phase III – transfer of the prestress force to the anchorage system. In this 
phase, all concrete-laminate interface elements were added to the 
model. In the case of preloaded elements (beams B12-a-e, B16-a-e), 
additional supports were activated at the location of the 
concentrated forces. These supports model the temporary 
displacements interlocks introduced in the experiments during 
prestressing of preloaded specimens (in the experiments these 
supports were realized using timber columns that blocked 
deflections during strengthening). 
Phase IIIa – removing the additional supports. This phase concerns only the 
preloaded beams.  
Phase IV – applying additional loading on the beams until the occurrence of 
failure. All model components from Phase III excluding the 
temporary supports were active in this phase of the analysis. 
 
8.2.3.3. Validation of the numerical model 
 
The main goal of comparative analysis is validation of the proposed 
numerical model and the adopted mechanical parameters. In this comparative 
analysis, all quantities measured during experiments were taken into 
consideration, i.e. the maximum load bearing capacities, vertical displacements 
in the midspan, mean compressive and tensile strains in concrete averaged over 
the zone of constant curvature and mean strains of the laminate averaged over 
the same zone. Moreover, the analysis includes comparison with calculated 
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reference beams, i.e. non-strengthened beams and beams strengthened in the 
passive manner, i.e. without prestress. This provides the opportunity to analyse 
the influence of prestressing on the strengthening effectiveness in both the 
ultimate limit state (ULS) and the serviceability limit state (SLS).  
The calculated and the experimental load bearing capacities are compared in 
Tab. 8.8. The experimental and calculated values differ less than 5%. 
Additionally, Tab. 8.8. shows the calculated load capacities of the reference 
specimens that were used to obtain strengthening efficiency ratios. The 
strengthening efficiency A  related to a non–strengthened (RC) specimen is 
between 41% to 103%. For the passive type of strengthening, the strengthening 
efficiency P  is lower and ranges from 32% to 76%. Comparison of A  and P  
ratios indicates that, for ULS, the prestress affects more the elements with a 
lower steel reinforcement ratio. It is worth noting that the ultimate load for 
passively strengthened elements was achieved for significantly greater 
deformations – compare  and  values in Tab. 8.8. Aa Pa
 






















B12-a 53.0 52.3 101% 25.8 45.3 103% 76% 183 249 
B12-a-e 49.0 51.7 95% 28.5 43.6 81% 53% 242 272 
B16-a 74.4 73.9 101% 48.8 73.0 51% 50% 200 321 
B16-a-e 72.0 71.5 101% 50.5 66.9 41% 32% 166 299 
exp,uF A,u – experimental ultimate load for strengthened specimen, F  –  calculated 
ultimate load for strengthened specimen,  – calculated ultimate load for RC 


















  – strengthening efficiency for nonprestressed specimen, 
 - midspan displacement for active strengthened beams at ultimate load,  - 






Chosen nonlinear finite element models 
 
 
Fig. 8.22. Calculated and test charts of load – displacement 
 
The comparison of the calculated and experimental load-displacement curves 
is shown in Fig. 8.22. These results are in a very good agreement for the whole 
loading range and throughout all the experimental stages. The numerical model 
is able to reproduce reduction of stiffness due to cracking at the first stage of 
experiment (preloading stage), then correctly reflects the stiffness recovery due 
to prestressing and finally predicts the decrease of stiffness as a result of crack 
development, yielding of steel and slips between the laminate and concrete. 
High accuracy in the simulations of the beams behaviour was achieved both for 
the specimens strengthened under self-weight (Fig. 8.22.b and c) and for the 
beams preloaded at the level of above 70% of the ultimate load capacity of the 
non–strengthened beam (reference RC specimen) – Fig. 8.22.b and d. When we 
compare the calculated displacements of actively and passively strengthened 
elements, we can see clearly that prestressing strongly influences the behaviour 
of specimens. Active strengthening introduces reverse displacements, prevents 
stiffness degradation at the low loading levels and also postpones the yielding of 
steel, which is especially important for highly preloaded elements. 
The good predictive performance of the model is also demonstrated in Fig. 
8.23. and Fig. 8.24. These figures present the comparison of experimental and 
predicted mean strains in the CFRP laminate as well as in the concrete tension 
and compression zones. In the case of concrete, the strains were measured at the 
distance of 35 mm from the specimen’s top and bottom surfaces. The model 
correctly reproduces changes in the CFRP strain gradients due to development 
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of cracks and the yielding of steel. Fig. 8.23. also shows strains in the reference 




Fig. 8.23. Calculated and test charts of load - CFRP strain 
 
 
Fig. 8.24. Calculated and test charts of load - concrete strain 
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Fig. 8.25. Beam B16-a-e: a) experimental crack path after failure, b) predicted
 
In all cases the ultimate CFRP strain of non–prestressed specimens is lower 
tha
 
crack path after failure, c) local slips between concrete and CFRP 
laminate for different load stages 
n the one for the actively strengthened beam. The differences between the 
ultimate strains, however, are less than the prestressing strain fp . Apparently, 
these differences can be attributed to the fact that the slips between the concrete 
and laminate for comparable load levels are more developed in the actively 
strengthened specimens and provide slightly worse bonding conditions than in 
the case of the passively strengthened counterpart. 
Experimentally and numerically obtained crack patterns for specimen B16-a-
e at the ultimate load are shown in Fig. 8.25.a and b. The cracks in Fig. 8.25. are 
presented in the form of line sections at integration points perpendicular to the 
direction of the strain n  and they indicate the zones of fracture damage 
localization. The lines are visible only if the cracks have the width greater than 
0.1 mm, i.e. if mm.hn 10 . The fracture damages localize mainly near the 
stirrups (where the first cracks appeared). For load levels close to the ultimate 
load, additional cracks appeared, usually between stirrups. A similar crack 





Fig. 8.25.c. presents development of slips tu  in the concrete-laminate 
int ea
.2.4. Parametric study 
Table 8.9. Material and structural parameters considered in the parametric 
erface between the anchorages. For the loads n r the failure, high slips of 
one sign are propagated from the location of the middle loading point towards 
the anchorage. The plastic flow in the anchorage was noticed following 
development of slips in the middle zone of the laminate. This precisely simulates 
the failure mode which was observed in the experiments – the intermediate crack 
















































BPS-01 C30/37 416 0.1 173.6 50 4F 3.60 14.91 90 46.7 20 75.5 
BPS-02 C30/37 416 0.1 173.6 46.7 40 50 4F 3.60 72.9 14.15 86 
BPS-03 C30/37 416 0.1 173.6 46.7 60 50 4F 3.60 70.1 13.51 82 
BPS-04 C30/37 416 0.1 173.6 46.7 20 20 4F 3.60 66.8 10.20 62 
BPS-05 C30/37 416 0.1 173.6 46.7 40 20 4F 3.60 63.9 9.16 56 
BPS-06 C30/37 416 0.1 173.6 46.7 60 20 4F 3.60 63.2 9.03 55 
BPS-07 C60/75 416 0.1 173.6 50.8 20 50 4F 5.74 85.8 16.49 100 
BPS-08 C60/75 416 0.1 173.6 50.8 40 50 4F 5.74 84.4 16.49 100 
BPS-09 C60/75 416 0.1 173.6 50.8 60 50 4F 5.74 83.3 16.49 100 
BPS-10 C60/75 416 0.1 173.6 50.8 20 20 4F 5.74 75.6 11.74 71 
BPS-11 C60/75 416 0.1 173.6 50.8 40 20 4F 5.74 74.6 11.51 70 
BPS-12 C60/75 416 0.1 173.6 50.8 60 20 4F 5.74 74.9 11.86 72 









BPS-14 C60/75 416 0.15 173.6 50.8 40 35 4F 5.42 98.4 15.57 95 
BPS-15 C60/75 416 0.20 173.6 50.8 40 35 4F 5.11 117.4 16.49 100 
BPS-16 C60/75 416 0.1 225.3 50.8 40 
1000 
MPa 
4F 5.74 82.2 11.94 n/a 
BPS-17 C60/75 416 0.1 121.3 50.8 40 4F 5.74 76.7 17.94 n/a 
1000 
MPa 
BPS-18 C60/75 412 0.1 173.6 31.6 40 35 4F 5.74 63.5 14.94 91 
BPS-19 C60/75 420 0.1 173.6 75.3 40 35 4F 5.74 100.4 13.08 79 
BPS-20 C60/75 416 0.1 173.6 50.8 40 35 4F 7.46 83.0 15.58 95 
BPS-21 C60/75 416 0.1 173.6 50.8 40 35 4F 4.02 74.8 12.21 74 
BPS-22 C60/75 416 0.1 173.6 91.4 40 35 2F 5.74 136.4 12.91 78 
BPS-23 C60/75 416 0.1 173.6 91.4 40 35 q 5.74 154.3 16.49 100 
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1sA  
– ten
– steel reinforcement, – laminate width – elastic modulus of the laminate, Fb  
in





sile strength of the lam ate, 02 uF  – failure f non–strengthened specimen, M  
ultimate bending moment of non–strengthened specimen, pF2  –  preloading, pM  – b g 
moment at preloading, 
e
F4 , F2 , q  – load configuration respectively: 4 forces (as in 
experiment), 2 forces each  m  port, uniformly distributed load, uF2  – ultimate load, 
uM  – ultimate bending moment of the strengthened specimen, max,f
 2.0  from sup
  – n in laminate at 
e load, 
strai
failur fumax,ff    – strain efficiency, fu  – rupture of laminate  strain 
 
The comparative analysis described in the previous section confirms the high 
predictive potential of the proposed numerical model. The main goal of this 
section is a parametric study that constitutes a supplementary analysis of the 
experimental tests (Kotynia et al., 2013a). The following parameters are taken into 
consideration, as well as their influence on the load bearing capacity and failure 
mode of actively strengthened beams: concrete class, steel and composite 
reinforcement ratios, elastic properties of the composite, bond strength between 
laminate and concrete, and load configurations. Additionally, the effect of 
preloading and prestressing ratios was also studied. Tab. 8.9. shows the list of the 
material and structural parameters that were considered in this parametric study. 
 





cmbF 10 , 
#cm15Fb , 
##
F cmb 15  cmF 10b   
cf 30 60  
ctf  2.0 3.2 
cE  32.8  39.1
fcG  104 104 
ftG  80 115 
0tK  3.85102 102 3.85
nK  4.0102 4.0102 
maxt  3.60 5.74, 5.42#, 5.11## 
0tu  0.047 ## 0.074, 0,070#, 0.066
  0.34 0.86 
p,ret s * 0.68 0.41 
1a  56.1 34.2, 36.7#, 39.0## 
2a  -1.07 -1.07 
*) ren, t p,s  rest
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Two classes of concrete were considered – C30/37 and C60/75 (EN 1992-1-
1:2004, 2004). These concrete classes represent normal strength concrete and high 
performance concrete and they were selected to model different types of expected 
failure modes, i.e. failure governed by crushing of concrete in a compression zone 
associated with IC debonding of composite or failure governed only by bond-slip 
strength or laminate rupture. Tab. 8.10. shows the mechanical parameters of the 
analysed concrete types. Since the bond-slip behaviour depends on fracture 
properties of concrete, the adopted parameters for the traction-slip law are also 
shown in Tab. 8.10. These parameters were determined on the basis of (Ko and 
Sato, 2007) – maxt , maxtu ,  ; (Lu et al., 2005) – 1a , 2a  and (Finckh and Zilch, 
2012) – p,rest , n, ss-strain behaviour for ee einforcement was taken 
as for C series steel shown in Tab. 8.7. 
Three levels of preloading were co
stre
rest . The str
nsidered – 20%, 40% and 60% of a non–
ism in  
sig
e  st l r
ngthened specimen’s ultimate load. The calculations were performed for two 
prestressing levels equal to fuf%20  and fuf%50 . Fig. 8.26. illustrates the 
results of the numerical simula e loa ties and maximum laminate 
strain are listed in Tab. 8.9. (elements BPS-01 to BPS-12). The results of 
calculations showed that the preloading has moderate influence on the load 
bearing capacity. In the case of normal strength concrete, the decrease in 
ultimate load was 5%-7% (beams BPS-01 to BPS-06). For high performance 
concrete, the differences were even smaller and did not exceed 3% (beams BPS-
07 to BPS-12). Generally, the higher the preload level, the softer response of the 
specimen was observed. This is the result of accumulated damages (cracks) for 
beams with higher preload at strengthening. As expected, three failure 
mechanisms were obtained in the simulations. The first failure mode relied on 
simultaneous laminate slipping and concrete crushing and was pertinent to 
structures made of the normal concrete class. The next two failure modes were 
obtained for high performance concrete (C60/75). For the low prestress level 
( fuf%20 ), the failure was governed by the laminate debonding mechanism, 
w he prestress equal to fuf%50  resulted in the rupture of the composite. 
Regardless of the mechan volved in the failure, prestress has a
tions. Th d capaci
hereas t
nificant effect on the ultimate load – see Fig. 8.26. For two considered 
concrete classes, the increase of the ultimate load was 37% to 47%, respectively, 
for concrete C30/37 (BPS-05) and C60/75 (BPS-11) and the prestress level of 
fuf%20 . For prestress of fuf%50 , the increase in the load bearing capacity was 
0/37 – BPS-02) to C60/75 – BPS-08). The increase in the strain 
efficiency ratio f
56% (C3  66% (
  for the specimens made of high performance concrete is 
attributed to better bonding properties between this type of concrete and 
laminate. 
206 





Fig. 8.26. Effect of preloading on load-displacement (the left column) and load-
CFRP strain behaviour (the right column): a) C30/37 class an  d
fufp f%20 , b) C30/37 class and fufp f%50 , c) C60/75 class 
and fufp f%20 , d) C60/75 class and fufp f%50  
207 
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Fig. 8.28. presents the
CFRP stra haviour. The de for the sp cimens with 
preloading  40% an  – ele ents BPS-05 
 effect of concrete class on load-displacement and load-
in be  calculations were ma e
 equal to d prestress equal to 20 mfu
(C30/37) and BPS-11 (C60/75). The beam made of concrete class C60/75 had 
the failure load 17% higher than the structure made of normal concrete. The 
increase in the failure load as well as the better strain efficiency ratio f
f%
  for the 
specimen made of high performance concrete is the result of better bond-slip 
properties for the concrete-laminate interface. 
The elastic modulus of concrete also plays a minor role here. Specimens 
made of high performance concrete had lower deflections and thus less 
developed concrete-laminate slips for comparable load levels. The coupled 
effects of better traction-slip properties and lower deflections resulted in higher 




Fig. 8.27. Effect of prestressing on load-displacement (left column) and load-
CFRP strain behaviour (right column): a) C30/37 concrete class: b  
C60/75 concrete class 
Fig. 8.2
strain diagrams for three different laminate widths, i.e. 
)
 
9. shows the comparison of load-displacement and load-composite 
cmbf 10  (BPS-13), 
 (BPS-14),  (BPS-15). The effect of cmbf 15 cmbf 20 cF bb  ratio, where 
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c is the width of a beam, was taken into account in the calculations according 
to the model in (Lu et al., 2005) – compare Tab. 8.9. The  numerical 
quite obviou
The increase of the ultimate load between corresponding elements was 
ost proportional to the increase of width – see Tab. 8.9. This is the effect of 






ults are s. 
 
Fig. 8.28. Effect of concrete class: a) displacements, b) CFRP strains 
 
 
Fig. 8.29. Effect of the laminate width: a) displacements, b) CFRP strains 
 
 




The slightly better stiffness conditions for beams BPS-14 and BPS-15 in 
comparison with BPS-13 also influence the strain efficiency ratio f . The 
reduction of displacements decreased the concrete-laminate slips. Therefore, for 
element BPS-15, the ultimate strain in the laminate was attained, even though 
the initial laminate strain was quite low (5.8‰). 
 
 
Fig. 8.31. Effect of the steel reinforcement ratio: a) displacements, b) CFRP 
strains 
 
The elastic modulus of composite  has minor effect on load–
displacement behaviour and the ultimate load. Fig. 8.29. presents a comparison 
of the numerical results for three different : the reference one that has the 
same value as in the experiments (BPS-13) and two others, equal to 70% (BPS-
17) and 130% (BPS-16) of the reference elastic modulus. The minor increase in 
load bearing capacity of elements BPS-13 and BPS-16, when compared to 
specimen BPS-17, is the result of slightly stiffer behaviour of these beams, 





Fig. 8.32. Effect of tmax: a) displacements, b) CFRP strains 
 
The influence of steel reinforcement ratio s  on the behaviour of actively 
strengthened beams was analysed on the basis of specimens BPS-18 
210 
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%.s 490 ), BPS-13 ( %.s 870 ) and BPS-19 ( %.s 351( ). High 
concrete (C60  for all the beam g 
 the non–strengthened men’s ultimat estress in the 
. 
on of comp ent and 
mained the same ns. The 
Fig. 8.31. The IC debondi ode 
was observed in all the speci e absolute values of the ultimate load 
performance 
up to 40% of
laminate equal to 
The cross-section 
stirrups as 









e load and pr
ressive reinforcem
 for all specime
ng failure m
kN (BPS-13), 25.1 
fuf%35 .
geom
well as concrete covers 
increase w  similar for each case: 31.9 kN (BPS-18), 29.6 
kN (BPS-19), however, for the specimens with higher s  the increase in the 
load bearing capacity was slightly lower. This effect can be explained by the fact 
that structures with higher s  ratio underwent more severe cracking at the 
preloading stage. Thus, the bonding conditions of the laminate in the middle 
zone of the beam were worse for these elements. This effect also resulted in the 




Fig. 8.33. Effect of loading configuration: a) displacements, b) CFRP strains 
 
Fig. 8.32. shows the influence of the maximum tangential traction  on maxt
slip law three
4.02
load capacity and behaviour of strengthened beams. For the bond-  
values of  were considered: 5.74MPa ( ) – BPS-13, MPa 
 – BPS-21 and 7.46 (  – 
It should be mentioned that only maximum strength  was changed, 
whereas the other parameters remained the same as sp Tab. 8.10. For 
the load levels below 80% of the ultimate load, did no y influence 
on load-displacement and load-CFRP strain behaviour. The differences were 
evident when severe slips started to develop. Comparing the results for th  




BPS-20. ( refmax,t.70 refmax,t.31 )
maxt
ecified in 









t has very moderate influence on the ultimate load capacity – 86% increase 
oss
latio
g effectiv tantially reduced and the 
reas the beam with 
shows the influence of different material parameters and structural features on 
maxt  resulted only in 16% increase of the ultimate load. The p ible 
explanation for this result is that the effective bond length for the considered 
bond-slip re nship was greater than the crack spacings for the load close to 
the failure load. Thus, the bondin eness is subs
ximum tangential traction maxt  cannot be fully utilized. 
 
The last issue analysed in this parametric study is the configuration of loads 
along the span. Three types of loading schemes were considered: 4 concentrated 
forces on the span following the experimental configuration (BPS-13), 
uniformly distributed load (BPS-23) and 2 concentrated forces symmetrically 
located, each at the distance from the nearest support equal to 2.0 m (BPS-22). 
 specimen was preloaded prior to strengthening in order to obtain 40% of 
the ultimate bending moment of a non–strengthened beam at the critical section 
(i.e. the section with the maximum bending moment). The results are shown in 
Fig. 8.33 and in Tab. 8.9. It can be concluded from this figure that the load 
bearing capacity and failure mode strongly depend on the load configuration. 
The IC debonding failure mechanism occurred for the elements with the 
concentrated loads (beams BPS-13 and BPS-22), whe
ly distributed load (beam BPS-23) failed because of rupture of the 
laminate. The maximum increase in the ultimate bending moment is equal to 
10% (between beams BPS-22 and BPS-23) and was the result of considerably 
less shear stresses (caused by the shear force) between concrete and the laminate 
in the zone of maximum curvatures. For beams BPS-13 and BPS-22, the 
maximum bending moment and maximum shear zones exist near the 
concentrated forces, which increases shear stresses in the laminate-concrete 
interface. Therefore, the development of severe slips in specimens BPS-13 and 
BPS-22 occurred for a lower bending moment than in the case of the beam with 




The main goal of the presented analysis was to develop an efficient 
numerical model for actively strengthened flexural reinforced concrete structures. 
A two-dimensional plane stress model was developed, capable of simulating all 
stages of strengthening of a structure and capturing the nonlinear behaviour of 
constituent materials, i.e. cracking and crushing of concrete, reinforcement 
yielding. An uncoupled interface physical relationship was proposed and 
programmed to reflect the proper behaviour of a concrete–to–laminate 
connection. A parametric study was performed for the calibrated model that 
212 
Chosen nonlinear finite element models 
213 
load-displacement behaviour, strengthening efficiency factor, failure modes and 
load bearing capacities of the analysed beams. The following conclusions can be 
rawn from the comparative analysis of the experimental and numerical results as 
ed out parametric study: 
– pplication of prestressed CFRP laminates is an efficient technique of 
y ratios are greater for structures with less reinforcing 
– 
acity. It was also demonstrated that, for elements made 
– 
ce applied to the concrete section and a 
– 
d
well as from the carri
A
strengthening RC flexural members, irrespective of the preloading level 
before strengthening.  
– Although the preloading levels in two experimentally examined beams 
exceeded the serviceability limit states prior to strengthening, the application 
of prestressed CFRP laminates resulted in a significant reduction of 
deflections and strains due to subsequently applied loads. The prestressing 
technique led to partial recovery of beam stiffness similar to specimens 
without preloading. 
– The comparison of experimental and computational results confirms a good 
predictive performance of the FEM model in terms of the flexural response 
of RC beams strengthened with pretensioned CFRP laminates over the range 
covering preloading state, strengthening process, up to the failure. It is useful 
for analysis of crack propagation. 
– The calculations show that prestressing increases the load bearing capacity in 
comparison with passively strengthened elements. The obtained 
strengthening efficienc
steel ratios both for prestressed elements (this was also confirmed 
experimentally) and passively strengthened ones. 
The performed parametric study considerably broadened the scope of the 
investigated cases in comparison with the experimental campaign (Kotynia et 
al., 2013a). The simulations showed that preloading has a moderate effect on 
the load bearing cap
of high strength concrete and with high pretension levels, the CRFP rupture 
failure mode may occur. The full strength of laminate can be utilized for such 
elements.  
The CFRP laminate width has important influence on load bearing capacity 
due to a greater prestressing for
greater tensile force reached at failure. It is also worth noting that the 
laminate-rupture failure mode was obtained for the widest analysed CFRP 
tape. 
The influence of CFRP elastic modulus on load–displacement and load-
bearing capacity is very moderate.  
– The parametric study confirms the experimental observation concerning the 
strengthening efficiency of structures with different reinforcing steel ratios. It 
can be observed that the lower the reinforcing steel ratio is, the higher the 
reached level of strengthening efficiency.  
Renata Kotynia 
The maximum tangential traction between concrete and laminate maxt  has a 
moderate in
– 
fluence on load-displacement behaviour and load capacity. 
– The numerical simulations show that loading configuration strongly 
influences load bearing capacity and failure mode of the analysed specimens. 
The beam with uniformly distributed load performed much better than the 
ones loaded in the concentrated manner. This is the effect of additional shear 
stresses near the zone of maximum curvatures that exist in the case of 
structures with concentrated forces. Moreover, full utilisation of CFRP 
laminates was attained in the case of a beam with uniformly distributed load, 





9. Conclusions  
 
The main aim of this book is to present development of research in the field 
of flexurally–strengthened RC members with adhesively–bonded FRP materials 
on the external surface of concrete.  
The purpose is to explain problems referring to the phenomenon of bond los-
ing between FRP and concrete at variable levels of loads, static scheme of the 
structure, the existing steel reinforcement and FRP reinforcement ratio.  
A detailed analysis of variable parameters governing the bond losing between 
FRP and concrete shows complexity of this problem.  
The Author indicated a strong effect of non-axial action on the FRP rein-
forcement, which was justified during last decade in a few publications that 
started a new direction in research of FRP-to-concrete bond behaviour. 
This book summarizes new trends in the knowledge on theoretical models 
based on the complex phenomenon of bond effecting by concrete strength and 
surface preparation before the strengthening process. It points out that the previ-
ous empirical models should be revised for the new more, advanced, models 
considering complex problems of bond behaviour effected mainly by the stiff-
ness of RC member and their curvature changes in the sagging and hogging 
regions. The main concept of this book is to justify benefits based on economy 
and effectiveness of structural strengthening, with the use of more accurate de-
sign approaches. The idea to introduce advanced models in comparison with the 
simplified ones is to change the existing conservative approaches for more eco-
nomically–efficient design.  
This book steers for the scientific approaches and shows tendency of changes 
in designing FRP–strengthened RC members, referring to the ultimate and ser-
viceability limit states. It should be emphasized that the main difference between 
the internal reinforcement and externally–bonded reinforcement lies in different 
completely different bond behaviour between both types of reinforcement, which 
indicates different bond conditions to the concrete and consequently different 
bond length of steel and FRP reinforcement. This justifies the opinion that the full 
tensile strength of the EB FRP reinforcement cannot be achieved (without any 
anchorage system). This is the main assumption in design of structural strengthen-
ing RC members in flexure. Sometimes there are erroneous opinions about risky 
design of FRP strengthening, which misleads of designers. If one understands the 
structural strengthening assumptions and model approaches, there is no cause for 
concern in designing FRP structural strengthening on RC members.  
Renata Kotynia 
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The Author is fully convinced of the benefits and superiority of the advanced 
model proposed by DafStb (2014) named as “more accurate model” or “inter-
mediate crack element” model based on the analysis of bond strength transmis-
sion at the segments of the RC member between cracks. This is the only model 
considering the vertical contact pressure of concrete on the EB FRP reinforce-
ment bringing an increase in the bond strength. The superiority of this model 
over other advanced published models resulted in introducing this approach into 
the new guidelines in fib Bulletin 90.  
Chapter 7 seems to be more practical for design purposes. This chapter  pre-
sents Author’s own parametric analysis performed for RC slabs and beams con-
sidering different stiffness of the last one. The nomograms can be useful for 
designers to assess, in a simple way, strengthening efficiency in variable con-
figurations of steel and FRP reinforcement ratio. The computer software used for 
this analysis considers materials and geometry variability with reference to the 
preloading effects before strengthening and variable FRP prestressing strain. It 
could be very useful for engineers to assess strengthening efficiency of variable 
geometry of RC cross sections and variable existing steel reinforcement ratio in  
tension and compression. The Author is still working on a separate guidebook 
with exercises for designers, which considers variable cases of RC structures 
strengthened in flexure with non–prestressed and prestressed FRP materials. 
This guidebook will consider two calculated methods: simplified and more accu-
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